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We introduce transport 2-functors as a new way to describe connections on gerbes 
with arbitrary strict structure 2-groups. On the one hand, transport 2-functors provide 
a manifest notion of parallel transport and holonomy along surfaces. On the other 
hand, they have a concrete local description in terms of differential forms and smooth 
functions. 

We prove that Breen-Messing gerbes, abelian and non-abelian bundle gerbes with 
connection, as well as further concepts arise as particular cases of transport 2-functors, 
for appropriate choices of the structure 2-group. Via such identifications transport 
2-functors induce well-defined notions of parallel transport and holonomy for all these 
gerbes. For abelian bundle gerbes with connection, this induced holonomy coincides 
with the existing definition. In all other cases, finding an appropriate definition of holo- 
nomy is an interesting open problem to which our induced notion offers a systematical 
solution. 
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Introduction 



The study of gerbes has a long tradition in geometry and topology. The subject was started 
in the seventies by Giraud to achieve a geometrical understanding of non-abelian cohomo- 
logy [Gir71j . In the nineties, Brylinski extended the study of gerbes to their differential 
geometry with the definition of connections on abelian gerbes |Bry93| . Later Breen and 
Messing introduced connections on certain non-abelian gerbes |BM05| . Ironically, one of the 
most interesting consequence of connections, their holonomy, could so far only be treated 
in the abelian case. 

The reason for this may be the lack of a general underlying concept, what a connection 
on a gerbe is, and around what its holonomy has to be taken. In this article we introduce 
such a concept. It is based on an alternative description of ordinary connections in ordinary 
fibre bundles chosen such that the generalization to connections in gerbes is evident. The 
alternative description of connections in fibre bundles - transport functors - has been 
introduced by the authors in [S WQ7j . The relation between transport functors and several 
classes of fibre bundles with connection has been established in terms of equivalences of 
categories. 

For the purposes of this introduction let us immediately describe the result of the evident 
generalization to connections in gerbes - transport 2-functors. Their description splits into 
an algebraical and an analytical part. The algebraical part requires that parallel transport 
along surfaces has the structure of a 2-functor 

tra : V 2 {M) T, 

hence the name transport 2-functors. These 2-functors are defined on the path 2-groupoid 
of a smooth manifold M and take values in some „target" 2-category T . For a moment we 
may assume T to be the 2-category of categories. An object in the path 2-groupoid is just 
a point x in M, so that the transport 2-functor attaches a category tra(x) to each such 
point. The 1-morphisms between two points x and y are smooth curves connecting x with 
y, and the transport 2-functor assigns to such a curve 7 a functor 

tra(7) : tra(x) — >■ tra(y). 

Finally, a 2-morphism in the path 2-groupoid is a smooth homotopy between two curves 
with fixed endpoints, which sweeps out a disc in X bounded by the two paths. The transport 
2-functor assigns to it a natural transformation: 



7 tra(7) 




tra( 7 ') 
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This natural transformation tra(E) is the parallel transport along the surface S, which is 
thus manifestly included in the nature of a transport 2-functor. 

These assignments of categories to points, functors to paths and natural transforma- 
tions to discs have to obey the axioms of a 2-functor. For the convenience of the reader, we 
have included an appendix with the basics about 2-categories and 2-functors. For a trans- 
port 2-functor, the axioms practically describe how the functors tra(7) and the natural 
transformations tra(S) compose when paths or discs are glued together. 

The analytic properties of a transport 2-functor demand that the above assignments 
are smooth in an appropriate sense. It is most natural to discuss smoothness locally: we 
require that a transport 2-functor is locally trivial. Like for ordinary fibre bundles, a local 
trivialization is defined with respect to a cover 53 of the base manifold by open sets U a , 
and to a typical fibre: this is here a particular „structure" 2-groupoid Gr together with 
a 2-functor i : Gr — >■ T indicating how this structure is realized in the target 2-category 
of the transport 2-functor. We introduce a local trivialization as a collection of „trivial" 
2-functors triv Q : V2(U a ) — >■ Gr and of equivalences 

t a : tra|[/ a i o triv a 

between 2-functors defined on U a . We show that, like for fibre bundles, local trivializations 
induce „transition" transformations 

g al3 : i o triv a — >- i o triv^ 

by composing an inverse of t a with tp. These transition transformations satisfy the usual 
cocycle conditions only up to morphisms between transformations, so-called modifications. 
That is, modifications 

fafh ■ 9(3-1 ° 9a/3 => dotfi and tf) a : id => 9aa- 

These modifications again satisfy higher coherence conditions. We call the collection of the 
2-functors triv a , the transformations g a p and the modifications / Qj g 7 and ip a the descent 
data of the transport 2-functor tra extracted from the local trivializations t a . 

It is these descent data on which we impose smoothness conditions. First of all, we 
require that the 2-functors triv Q are smooth. This makes sense when we also require that the 
structure 2-groupoid Gr has smooth manifolds of objects, 1-morphisms and 2-morphisms. 
Thus, in other words, transport 2-functors factor locally through smooth functors to the 
structure 2-groupoid. 

The remaining descent data g a p, f a ^ and ip a is treated in the following way. We make 
a crucial observation in abstract 2-category theory: a transformation g : F — >■ G between 
2-functors F and G between 2-categories S and T can itself be seen a functor 

&(jg) : S' — »■ AT 
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for S' and AT appropriate categories constructed out of S and T, respectively. Similarly, 
modifications rj : g => g' between such transformations induce natural transformations 
&{r\) between the functors ^(g) and &(g'). 

We apply this abstract consideration to the remaining descent data of a transport 2- 
functor. The result is a collection of functors 

^(9ap)--Vl(U a nUp) — AT 

and of natural transformations 

^ifafiy) ■ &{9fhi) ® &{9atl) => &(d^) and &(lf> a ) : id 

Now, the smoothness condition on these descent data is the requirement that the functors 
^(g a /s) are transport functors and that the modifications ^{f Q p-y) and ^(ip a ) are mor- 
phisms between transport functors. According to the correspondence between transport 
functors and fibre bundles with connection established in [SW07] , we thus require that cer- 
tain structures are a smooth fibre bundle with connection, or smooth bundle morphisms 
that respect the connections. 

A detailed development of transport 2-functors is the content of the first part of the 
present article, including the Sections [D to El In Section [1] we review the path 2-groupoid 
V2(M) of a smooth manifold M and list some features of 2-functors defined on them. We 
introduce local trivializations of 2-functors and their descent data. This discussion also 
incorporates transformations between the 2-functors and modifications between those, so 
that the descent data is naturally arranged in a 2-category £>es 2 (z)^ associated to the 
2-functor i : Gr — *- T that realizes the structure 2-groupoid Gr in the target 2-category T. 

Section [2] is devoted to the reconstruction of globally defined 2-functors from local 
descent data. This turns out to be a difficult problem that involves lifts of paths and lifts 
of homotopies between paths to a Cech-like covering of the path 2-groupoid that combines 
the path 2-groupoids Vi^JJa) of the open sets with „jumps" between those. The result is 
an equivalence of 2-categories 

Tran St4r (M,r) ^ £>es 2 (i)$g 

between the 2-category of globally defined transport 2-functors with Gr-structure and the 
2-category of locally defined descent data. Section El contains a detailed discussion of the 
smoothness conditions we have imposed on the descent data. 

The second part of the present article concerns the relation between transport 2-functors 
and other gerbes and the impact of our concept for these gerbes. The following observation 
may illuminate what transport 2-functors have to do with gerbes. The transformation g a p 
which is part of the descent data corresponds by definition to a transport functor 

&(9af3)--Vi(U a nUf } ) — AT 
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on the two-fold intersection U a D Up, whereas transport functors are equivalent to fibre 
bundles with connection. Hence, transport 2-functors equip the two-fold intersections of an 
open cover with fibre bundles - one of the significant ingredients of a gerbe, see e.g. [Hit03j. 

Which particular kind of fibre bundle it is depends on the target 2-category T and the 
structure 2-groupoid Gr. Mostly, the latter will be of the form Gr = B<5: this is the one- 
object 2-groupoid which is induced from a (strict) Lie 2-group &. Lie 2-groups play the 
same role for gerbes as Lie groups do for fibre bundles [S W08] , They can conveniently be 
understood as crossed modules of ordinary Lie groups: two Lie groups G and H, a Lie group 
homomorphism H — >■ G and a compatible action of G on H. Several natural examples 
of crossed modules are available, and via their associated Lie 2-groupoids they give rise to 
important classes of transport 2-functors. In Section 3] we prove the following list of results 
that relate some of these classes of transport 2-functors to existing realizations of gerbes 
with connection: 

I.) If <5 is some Lie 2-group, we prove that there is a canonical bijection 

Isomorphism classes ofl 
< transport 2-functors v ^ H 2 (M (5) 

tra : V 2 (M) -^6(5 
^ with ^©-structure ' 

between transport 2-functors and a set that we identify as the degree two differential non- 
abelian cohomology of the manifold M with coefficients in the Lie 2-group (5 |BS07j . It 
purely consists of collections of smooth functions and differential forms with respect to 
open covers of M in such a way that forgetting the differential forms the usual non-abelian 
cohomology H 2 {M, (5) |Gir71l iBreM IBar04l I Woc08| is reproduced. We show that the set 
H 2 (M, 0) also identifies with existing discussions of differential cohomology for particular 
choices of (25: 

(a) The (abelian) Lie 2-group (5 = BS 1 induced from the crossed module S 1 — *- 1. In 
this case the differential cohomology is the same as the degree two Deligne cohomology 
[DelQlj . 

H 2 (M, BBS 1 ) = H 2 (M, V{2)). 
Indeed, Deligne cohomology classifies abelian gerbes with connection [Bry93|. 

(b) The Lie 2-group <3 = A\JT(H) associated to an ordinary Lie group H and induced 
by the crossed module H — s» Aut(H). In this case we find 

{Equivalence classes of local data I 
of Breen-Messing ff-gerbes over / • 
M with (fake-flat) connections J 

Breen-Messing gerbes are a realization of non-abelian gerbes on which connections 
can be defined |BMQ5j . Our approach infers a new condition on these connections, 
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namely the vanishing of the so-called „fake-curvature". This condition is not present 
in |BM05j but arises here from the algebraic properties of a transport 2-functor. 

II.) Let J3S 1 again be the Lie 2-group from (la), but now we consider transport 2- 
functors whose target is the monoidal category 5 1 -Tor of manifolds with free and transitive 
S^-action, regarded as a 2-category B(S 1 -Tov) with a single object. We show that there is 
a canonical equivalence of 2-categories 



This equivalence arises by realizing that the transport functor &(g a p) from the descent 
data of a transport 2-functor corresponds - in the present situation - to an S 1 -bundle with 
connection over the two-fold intersection of an open cover. After generalizing open covers 
to surjective submersions, this 5 1 -bundle, together with the bundle morphisms from the 
descent data, reproduce exactly Murray's definition |Mur96j of a bundle gerbe. 

III.) Let H be a Lie group and let AUT(iT) be the associated Lie 2-group from (lb). 
Now we consider transport 2-functors whose target is the monoidal category i^-BiTor of 
smooth manifolds with commuting free and transitive -ff-actions from the left and from the 
right, considered as a 2-category £>(i/-BiTor). We show that there is a canonical equivalence 
of 2-categories 



Non-abelian bundle gerbes are a generalization of S -bundle gerbes introduced by Aschieri, 
Cantini and Jurco [ACJ05] , and the above equivalence arises in the same way as in the 
abelian case. In particular, we prove that the transport functor &{g a p) corresponds to 
a principal -ff-bibundle with twisted connection, a key ingredient of a non-abelian bundle 
gerbe. 

Apart from these relations to existing gerbes with connection, transport 2-functors 
allow to understand further concepts of gerbes and 2-bundles with connection, or to find 
the correct concepts of connections in cases when only the underlying gerbe is known so 
far. We indicate how this can be done in the case of 2-vector bundles, in particular string 
2-bundles |BBK(M [ST04| . and principal 2-bundles |Bar041 IWocOS] . 

In the last Section[5]we give a deeper discussion of the notion of parallel transport, which 
is manifestly included in the concept of a transport 2-functor. Most importantly, we uncover 
what the holonomy of a transport 2-functor around a surface is. Via the equivalences (lb) 




Transport 2-functors 
< tra : P 2 (M) -> B{H-BiTor) 
. with SAUT(iJ)-structure 




Non-abelian if-bundle gerbes 
with connection over M 
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and (III) above, we thereby equip connections on non-abelian gerbes with a well-defined 
notion of holonomy. 

Existing discussions of holonomy of connections in abelian gerbes indicate that such a 
holonomy should be taken around closed and oriented surfaces. For the non-abelian case 
we observe a subtlety which also arises in the discussion of ordinary fibre bundles. Namely, 
while the holonomy of a connection in an S^-bundle can be taken around a closed and 
oriented line, a connection in a non-abelian principal bundle requires the choice of a base 
point. We prove that the holonomy of a non-abelian gerbe around a closed and oriented 
surface requires the choice of a base point plus the choice of a certain loop based at this 
point. More precisely, the loop has to be chosen together with a contraction which sweeps 
out the whole surface in a way compatible with the orientation. We show that any closed 
surfaces admits such choices. 

Now suppose that 5 is a closed and oriented surface, tra : VziM) — 9- T is a transport 
2-functor on a smooth manifold M and 4> '■ S — >■ M is a smooth map. With the choices of 
a base point x € S, a loop r : x — >■ x and a contraction £ : r => id x , understood as an 
object, a 1-morphism and a 2-morphism in the path 2-groupoid of S, the holonomy of tra 
around the surface S is 

Hol tra (0, S) := tra(0*£), 

where (f)* : T>2{S) — >■ V2(M) is a 2-functor induced by the smooth map (p. The surface 
holonomy of a transport 2-functor is thus a 2-morphism in its target 2-category T. 

We study the dependence of this surface holonomy on the choices of the base point, 
the loop and the contraction. The first result is that it is independent of the choice of 
the contraction. The dependence on the base point turns out to be a „conjugation" of 
the 2-morphism Holt ra (</ ) , S) by another 2-morphism, very similar to the dependence of 
the holonomy of a connection in an ordinary fibre bundle on the choice of the base point. 
Thus, the surface holonomy in general depends on the base point and on the loop, but the 
dependence can be controlled in a precise way. 

Finally, we apply the general concept of the surface holonomy of a transport 2-functor 
to connections on (non-abelian) gerbes using the equivalences (I), (II) and (III) derived 
in the first part of the present article. We show that in the abelian cases (la) and (II) 
the dependence on the base point and the loop drops out, and that the surface holonomy 
Holtra(0) S) coincides with the usual notion [Gaw88, Mur96j of holonomy of abelian ger- 
bes. In the other cases (lb) and (III) we obtain new, well-defined quantities associated to 
connections in non-abelian gerbes and surfaces. 

Acknowledgements. The project described here has some of its roots in ideas by John 
Baez and in his joint work with US, and we are grateful for all discussions and suggestions. 
We are also grateful for opportunities to give talks about this project at an unfinished state, 
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Split. In addition, we thank the Hausdorff Research Center for Mathematics in Bonn for 
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1 Local Trivializations of 2-Functors 

The gerbes we want to consider in this article are certain 2-functors. These 2-functors are 
defined on the path 2-groupoid of a smooth manifold. We review this 2-groupoid in Section 
11.11 Like for fibre bundles, one of the most important properties of our 2-functors is that 
they are locally trivializable. In Section [L~2l we describe local trivializations for 2-functors 
on path 2-groupoids. Again, like for fibre bundles, local trivializations of 2-functors admit 
to extract local data similar to transition functions. This is the content of Sections [L2] and 
11.31 For the basics on 2-categories we refer the reader to Appendix lAl 

1.1 The Path 2-Groupoid of a smooth Manifold 

The basic idea of the path 2-groupoid is very simple: for a smooth manifold X, it is a 
strict 2-category whose objects are the points of X, whose 1-morphisms are smooth paths 
in X, and whose 2-morphisms are smooth homotopies between these paths. Its concrete 
realization needs, however, a more detailed discussion. 

For points x, y G X, a path 7 : x — >- y is a smooth map 7 : [0, 1] — >■ X with 7(0) = x 
and 7(1) = y. Since the composition 72 o 7! of two paths 71 : x — >■ y and 72 : y — >■ z 
should again be a smooth map we require sitting instants for all paths: a number < e < ^ 
with j(t) = 7(0) for < t < e and j(t) = 7(1) for 1 - e < t < 1. The set of these paths is 
denoted by PX . In order to make the composition associative and to make paths invertible, 
we need to introduce an equivalence relation on PX. 

Definition 1.1. Two paths 7,7' : x — >■ y are called thin homotopy equivalent if there exists 
a smooth map h : [0, l] 2 — *- X such that 

(1) h is a homotopy from 7 to 7' through paths x — >- y with sitting instants at 7 and 7'. 

(2) the differential of h has at most rank 1. 

The set of equivalence classes is denoted by P l X. We remark that any path 7 is thin 
homotopy equivalent to any orientation-preserving reparameterization of 7. The composi- 
tion of paths induces a well-defined associative composition on P 1 X for which the constant 
paths id x are identities and the reversed paths 7 -1 are inverses. These are the axioms of 
a groupoid V\(X) whose set of objects is X and whose set of morphisms is P 1 X. This 
groupoid is called the path groupoid of X, see [S W07] for a more detailed discussion. 

Remark 1.2. If we drop condition (2) in Definition 11.11 we still obtain a groupoid 
ILi{X) together with a projection functor V\{X) — *- LTi(X). The groupoid Ii\{X) is 
called the fundamental groupoid of X. Functors F : V\{X) — *» T which factor through 
V\{X) — IIi(X) are called flat: they depend only on the homotopy class of the path. 



9 



A homotopy h between two paths 70 and 71 like in Definition [Tj] but without condition 
(2) on the rank of its differential is called a bigon in X and denoted by £ : 70 ==> 71. These 
bigons form the 2-morphisms of the path 2-groupoid of X. We denote the set of bigons in 
X by BX. Bigons can be composed in two natural ways. For two bigons £ : 71 => 72 
and £' : 72 => 73 we have a vertical composition 

£'• £ : 71 => 73. 

If two bigons Si : 71 => 7^ and £2 : 72 => 72 are sucn that 71(1) = 72(0), we have 
horizontal composition 

£ 2 £1 : 72 7i => 72 7i- 

Like in the case of paths, we need to define an equivalence relation on BX in order to 
make the compositions above associative and to make bigons invertible. 

Definition 1.3. Two bigons £ : 70 => 71 and £' : j' => ~y[ are called thin homotopy 
equivalent if there exists a smooth map h : [0, l] 3 X such that 

(1) h is a homotopy from £ to £' through bigons and has sitting instants at £ and £'. 

(2) the induced homotopies 70 => 7q and 71 => 7^ are iftin. 

i/ie differential of h has at most rank 2. 

Condition (1) assures that we have defined an equivalence relation on BX, and condition 
(2) asserts that two thin homotopy equivalent bigons £ : 70 => 71 and £' : 7q => j[ start 
and end on thin homotopy equivalent paths 70 ~ 7q and 71 ~ tJ. We denote the set of 
equivalence classes by B 2 X. The compositions o and • between bigons induce a well- 
defined composition on B 2 X. The path 2-groupoid V 2 {X) is now the 2-category whose set 
of objects is X, whose set of 1-morphisms is P 1 X and whose set of 2-morphisms is B 2 X, see 
[SW08] for a more detailed discussion. The path 2-groupoid is strict and all 1-morphisms 
are strictly invertible. 

If we drop condition (3) from Definition 11.31 we still have a strict 2-groupoid, which is 
denoted by U 2 (X) and is called the fundamental 2-groupoid of X. The projection defines 
a strict 2-functor V 2 (X) U 2 (X). 

In this article we describe gerbes as certain (not necessarily strict) 2-functors 

F : V 2 (M) T. 

We call the object F{x) for x € M the fibre of F over x. If T is for instance the 2-category 
of categories, the fibre over any point is a category. Our 2-functors can be pulled back along 
smooth maps / : X — s- M: such maps induce strict 2-functors /* : V 2 {X) — >~ V 2 (M), and 
we write 

f*F := F o /*. 
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Analogously to Remark 11.21 we say that a 2-functor F : — T is flat if it factors 

through the 2-functor V^M) — >■ n 2 (M). See Sections 13.31 and 1 3.41 for further discussions 
of flat 2-functors. 

1.2 Local Trivializations and Descent Data 

Let T be a 2-category, the target 2-category. To define local trivializations of a 2-functor 
F : V2(M) — >■ T, we fix three attributes: 

1. A strict 2-groupoid Gr, the structure 2-groupoid. In Section [3] we will require that 
Gr is a Lie 2-groupoid, i.e. it has smooth manifolds of objects, 1-morphisms and 
2-morphisms. 

2. A 2-functor i : Gr — *- T that indicates how the structure 2-groupoid is realized in 
the target 2-category. In Sections Q] and [2] there will be no further condition on this 
2-functor, but in Section [3] we require i to be full and faithful. In all examples we 
present in Section 21 i will even more be an equivalence of 2-categories. 

3. A surjective submersion it : Y — 5- M, which serves as an open cover of the base 
manifold M. 

Indeed, surjective submersions behave in many aspects like open covers, but generalize 
them essentially [Mur96| . If M is covered by open sets U a , the projection from their 
disjoint union to M defines a surjective submersion ir : Y — >■ M. Notice that for any 
surjective submersion ir : Y — >■ M the fibre products := Y Xm ■■■ Xm Y are again 
smooth manifolds in such a way that the canonical projections 71^...^ : Y^ — *- Y^ are 
smooth maps. In terms of open covers, the fc-fold fibre product Y^ is the disjoint union of 
all /c-fold intersections of the open sets U a . 

Definition 1.4. A tt -local i-trivialization of a 2-functor 

F : V 2 {M) -»» T 

is a pair (triv, t) of a strict 2-functor triv : T > 2(Y) — >■ Gr and a pseudonatural equivalence 

V\ (Y) — V\ (M) 



triv 




Gr ; >■ T. 

1 

In other words, a 2-functor F is locally trivializable, if its pullback ir*F to the covering 
space factorizes - up to pseudonatural equivalence- through the fixed Lie 2-groupoid Gr. 
In terms of an open cover, ir*F is a collection of restrictions F\jj a : Vi(U a ) — >■ T. The 
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2-functor triv is a collection of „trivial" strict 2-functors triv a : Vi(U a ) — >• Gr such that 
i otriv Q ^ F\ Ua . 

To abbreviate the notation, we write trivj instead of iotriv in the following. We define a 
2-category Triv^(i) of 2-functors with 7r-local i-trivialization: an object is a triple (F, triv, t) 
of a 2-functor F : Vi{M) — > T together with a fixed 7r-local i-trivialization (triv, t), A 
1-morphism 

(F,triv,t) (F',triv',t') 

is just a pseudonatural transformation F — F' between the two 2-functors, and a 2- 
morphism is just a modification between those. In other words, the 2-category Triv^(i) 
is just a sub-2-category of Funct("P2(-^), T), where every object is additionally decorated 
with a 7r-local i-trivialization. 

Now we define a 2-category S)es^(i) of descent data. This 2-category is supposed to 
be equivalent to Triv^(i) and does yet only contain local data, i.e. structure defined on 
Y instead of M, This discussion should be considered as being analogous to replacing a 
globally defined fibre bundle with connection by a collection of transition functions and 
local 1-forms. We will see in Section [4.11 how the functions and the forms enter. 

Definition 1.5. A descent object is a family (triv, g, ip, /) consisting of 

1. a strict 2-functor triv : P2OO — Gr 

2. a pseudonatural equivalence g : 7r^trivj — >~ Trgtrivj 

3. an invertible modification ip : idt r i Vi A*g 

4- an invertible modification f : ir^g ° ^\ 2 9 ^135 
such that the diagrams 



id,rjtriv, 9 ■■ 



&229 ° 9 



id 



ido7r*i/> 



7r^trivi 



>g° &u9 





and 



(TT^g O TT* 3 g) O 7T* 2 5 




nh9 (^239 K{ 2 g) 




■^24,9 ° ^125 



(1.2) 



7T 3 4ff ^139 = 



id07T* 34 / 
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are commutative. 



In these diagrams, r, I and a are the right and left unifiers and the associator of the 
2-category T, A : Y — Y^ is the diagonal map, and An 2 , A i2 2 : Y^ —>■ Y^ are the 
maps duplicating the first or the second factor, respectively. Let us briefly rephrase the 
above definition in case that Y is the union of open sets U a : first there are strict 2-functors 
triv Q : V2{U a ) — 5- Gr, just like in a local trivialization. To compare the difference between 
triv a and trhrg on a two-fold intersection U a fl Up there are pseudonatural equivalences 
g a p : (triv a )j — >- (triya)j. If we assume for a moment, that g a p was the transition function 
of some fibre bundle, one would demand that 1 = g aa on every U a and that gp^g a p = <7« 7 on 
every three- fold intersection U a CiUpnUj. In the present situation, however, these equalities 
have been replaced by modifications: the first one by a modification ip a : id( tr i v v => g aa 
and the second one by a modification f a p^ : gp-y o g a p => g a ^. Finally we have demanded 
that these modifications satisfy the two coherence conditions (jl.ip and (|1.2|) . 

Definition 1.6. Let (triv, g, ip, f) and (triv', g', ip' , /') be descent objects. A descent 
1-morphism (triv, g, tp, f) — >■ (triv', g' , ip', /') is a pair (h,e) of a pseudonatural transfor- 
mation 



and an invertible modification 



such that the diagrams 



h : triv,- 



e : 7i"2 h o g 



triv- 



g o ir*h 



ido7r* 2 e 



(TT* 3 g' O TT* 2 g>) o -n*h 
/'oid 



nl 3 g' o Tr*h : 



<^h9' ir%h) o TT* 2 g 

•^23 e — 1 oid 

(71-3/1 o %* 3 g) n* l2 g 



ir 3 h o (n 23 g o n* 2 g) 

ido/ 

ir*hoirt 3 g. 



(1.3) 



and 



l r~ 
id triv ; o h =^> h =M> h o idt 



ip'oidh 



A*g' o h ■ 



id h oi/> 



hoA*g. 



(1.4) 



are commutative. 
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We leave it as an exercise to the reader to write out this structure in the case that the 
surjective submersion comes from an open cover. Finally, we introduce 



Definition 1.7. Let (hi,e\) and (h2,e 2 ) be descent 1-morphisms from a descent ob- 
ject (triv, g, -0, /) to another descent object (triv', g' , ip', /'). A descent 2-morphism 
(hi, ex) => (/t2, e 2 ) is a modification 



such that the diagram 



E:hi =^> h 2 



g' o ix\h x 61 > 7T 2 hi o g 



Sf °^h 2 ==>^2 h 2 °9- 



(1.5) 



is commutative. 



In concrete examples of the target 2-category T these structures have natural interpre- 
tations, see Section [U Descent objects, 1-morphisms and 2-morphisms form a 2-category 
Des^(i), called the descent 2-category. Let us describe its structure along the lines of 
Definition |A~H 

1. The composition of two descent 1-morphisms 

(hi, e x ) : (triv, g, tp, f) — >- (triv', g , ip' , f) 

and 

(h 2 ,e 2 ) : (triv',5'^',/0 — (triv", g", /") 
is the pseudonatural transformation h 2 o hx ' trivj — *- triv-' and the modification 

7T 2 (h 2 hi) o g a > ~K\h 2 (i^hx o (7) 

idoei 

7T|/l2 (5' 7T*^l) " > ("^2^2 5') TT^/il 

£2°id 

(5" o 7T*/i 2 ) ° 7T*/Jrl = > g" o 7T^(/l 2 O /li). 



2. The associators are those of the 2-category Fund^T^^), ^). 
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3. The identity descent 1-morphism associated to a descent object (triv, g, ip, /) is given 
by the pseudonatural transformation id tr i Vi and the modification 

^idtnv, o g =L=> g ==^> g o 7r^id triVj , 

where r g and l g are the right and left unifiers of the 2-category Fund^T-^O^ 2 '), T). 

4. The right and left unifiers are those of Funct("P2(V), T). 

5. Vertical composition of descent 2-morphisms is the one of modifications. 

6. The identity descent 2-morphism associated to a descent 1-morphism (h, e) is the 
identity modification id^. 

7. Horizontal composition of descent 2-morphisms is the one of modifications. 

All axioms for the 2-category Des^i) defined like this follow from the axioms of the 
2-categories Funct(V 2 {Y),T) and Funct(V 2 (Y^),T). 

We remark that the descent 2-category comes with a strict 2-functor 

V : £es 2 (i) Funct^OO, T). 

From a descent object (triv, g, ip, f) it keeps only the 2-functor triv and from a descent 1- 
morphism (h, e) only the pseudonatural transformation h. Thus, in terms of an open cover, 
the 2-functor V keeps the structure defined on the patches U a , and forgets the gluing data. 

Remark 1.8. Without consequences for the remaining article, let us briefly consider the 
descent 2-category £>es 2 (i) in the particular case in which the manifolds M and Y are just 
points and ir is the identity. Let £ be a tensor category, let Gr be the trivial 2-groupoid 
(one object, one 1-morphism and one 2-morphism), and let i : Gr — *- B<£ be the canonical 
2-functor. Here, £><£ is the 2-category with one object associated to £, see Example IA.2I 
Then, a descent object is precisely a one-dimensional special symmetric Frobenius algebra 
object in <£. 

1.3 Descent Data of a 2-Functor 

We have so far introduced a 2-category Triv^i) of 2-functors with 7r-local i-trivializations 
and a descent 2-category associated to the surjective submersion ir and the 2-functor i : 
Gr — T. Now we define a 2-functor 

Ex^ : Triv 2 (i) -»■ 3e5 2 (i) 

between these 2-categories. This 2-functor extracts descent data from 2-functors with local 
trivializations. 
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Let F : V2(M) — >■ T be a 2-functor with a 7r-local i-trivialization (triv, t). We choose 
a weak inverse t : trivj — >■ tt*F together with invertible modifications 

i t : tot => id,,-*^ and j t : id triVi => t o t (1.6) 

satisfying the identities (jA.lj) . We define a pseudonatural equivalence 

g : vr^trivj — s- vr^trivj 

as the composition g := n%t o it^i. This composition is well-defined since F = tt^^F. 
We obtain A*g = t o i , so that the definition ^ := jt yields an invertible modification 

-0 : idtriv, => A*#. 

Finally, we define an invertible modification 

as the composition 

(tT^ O TT^t) O (ll^t O 7T*t) > 7T3<: O ((vTgi O W^t) O 7T*t) 

ido(7T2«toid) 

where r is the right unifier of Funct("P2(^^), T), and the first arrow summarizes two obvious 
occurrences of associators. 

Lemma 1.9. The modifications tp and f make the diagrams and (f l.Ofy commutative, 

so that 

Ex 7r (F,triv,t) := (triv, g, tp, f) 

is a descent object. 

Proof. We prove the commutativity of the diagram on the left hand side of (jl.ip by 
patching it together from commutative diagrams: 




TT^t O 7T*t 
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The six subdiagrams are commutative: A is the Pentagon axiom (C4) of T, B's are the 
naturality of the associator, C and D are diagrams that follow from the coherence theorem 
for the 2-category T, and the remaining small triangle is axiom (C2). The commutativity 
of the second diagram in (jl.lj) and the one of diagram (11.21) can be shown in the same way. □ 

Now let A : F — >■ F' be a pseudonatural transformation between two 2-functors with 
7r-local i-trivializations t : ir*F — s- trivj and t' : tt*F' — s- triv^. Let it,jt and if,jt' be the 
modifications (II. 6p we have chosen for the weak inverses i and F. We define a pseudonatural 
transformation 

h : trivj — triv^ 
by h := {t' o n* A) o i, and an invertible modification e by 

n^hog > (np' o tt^A) o ((7r|f o ir*t) o-K*t) 

(7r|Z^ 1 oid)o(7r|itoid) 

{(up' o id) o irZ,ir*A) o (id o ir*F) 

((ido7r*i^ )oid)o7Tjri 

((7r|i' o (vrjF o nit')) o ttJttM) o vrft =^> g' o vrj/i. 

Here, the unlabelled arrows summarize the definitions of h and 5 and several obvious 
occurrences of associators. Arguments similar to those given in the proof of Lemma 11.91 
infer 

Lemma 1.10. The modification e makes the diagrams U.3\) and (T^ ) commutative, so that 
Ex n (A) := (h,e) is a descent 1-morphism 

Ex^(A) : Ex^(F) Ex^(F'). 

In order to continue the definition of the 2-functor Ex^ we consider a modification 
B : A\ => A2 between pseudonatural transformations Ai, A2 : F — >■ F' of 2-functors with 
7r-local i-trivializations t : ir*F — 3- trivj and t' : ir*F' — >~ triv^. Let (h^, e^) := Ex n (A)-) be 
the associated descent 1-morphisms for k = 1,2. We define a modification E : hi => h 2 
by 

- (ido7r*_B)oid , , _ 
hx = (t' O %*A 1 ) O t > (t' O 7T*A 2 ) 0t = h 2 . 

Lemma 1.11. The modification E makes the diagram $1.5\) commutative so thatEx n (B) := 
E is a descent 2-morphism 

Ex^B) : Ex^(Ai) => Ex^(A 2 ). 



17 



To finish the definition of the 2-functor Ex^ we have to define its compositors and 
unitors. We consider two composable pseudonatural transformations A\ : F — >■ F' and 
A 2 : F' — >■ F" and the extracted descent 1-morphisms (hk,£k) '■= Ex n (Ak) for k = 1,2 
and (h, e) := Ex n (A2 o A{). The compositor 

ca 1 ,a 2 ■ Ex n (A 2 ) o Ex w (A 2 ) =^> Ex n (A 2 o Ai) 

is the modification /12 o /i x => /i defined by 

({t" O 7rM 2 ) O P) O ((f O ttMi) O t) => (t" O (7tM 2 O ((F O f) O 7T*Ai))) O t 

(ido(ido(i t / oid)))oid 
(t" O (TT*A 2 O (id O ttMi))) O t =^> (t" O TT*(A 2 O Ai)) O £, 

which is indeed a descent 2-morphism. 

For a 2-functor F : V 2 (M) — T we find Ex„-(idi?) = tot. So, the unitor 

u F : Ex 7r (id F ) =^> id triVi 

is the modification uf '■= j7 l . The identities (|A.1|) for it and show that this modification 
is a descent 2-morphism. With arguments similar to those given in the proof of Lemma 
11.91 we have 

Lemma 1.12. The structure collected above furnishes a 2-functor 

Ex* : TKv£(t) • 

We have now described how globally defined 2-functors induce locally defined structure 
in terms of the 2-functor Ex*. Going in the other direction is more involved; this is the 
content of the following section. 

2 Reconstruction from Descent Data 

In Section Q] we have introduced 2-functors on the path 2-groupoid of a smooth manifold, 
local trivializations and descent data. We have further described a procedure how to extract 
descent data from a locally trivialized 2-functor in terms of a 2-functor Ex*. In this section 
we prove 

Theorem 2.1. The 2-functor 

Ex* : Triv*(i) 
is an equivalence of 2-categories. 
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We prove this theorem in a constructive way: we introduce a 2-functor 

Rec^ : S)w£(») Triv£(i) 

in the opposite direction, which reconstructs a 2-functor from a given descent object, such 
that Ext,- and Rec,,- form a pair of equivalences of 2-categories. The main ingredient is a 
certain 2-groupoid that we call the codescent 2-groupoid. Its definition is the content of 
Section [2~T1 The codescent 2-groupoid joins two important properties. First, it is equivalent 
to the path 2-groupoid of the underlying manifold M; this is shown in Section [231 Secondly, 
it is „dual" to the descent 2-category S)es^(i) introduced in the previous section; this duality 
is worked out in Section 12.31 In Section 12.41 we put the two pieces together and define the 
2-functor Rec^. 

2.1 A Covering of the Path 2-Groupoid 

In the following we introduce the codescent 2-groupoid V^^M) associated to a surjective 
submersion ir : Y — >■ M. It combines the path 2-groupoid of Y with additional jumps 
between the fibres. This construction generalizes the one of the groupoid Vf(M) from 
[SW07| . 

The objects of (M) are all points a € Y. There are two „basic" 1-morphisms: 

(1) Paths: thin homotopy classes of paths 7 : a — >■ a' in F. 

(2) Jumps: points a G Y^ considered as 1-morphisms from ?ri(a) to 7^(01). 

The set of 1-morphisms of V^iM) is freely generated from these two basic 1-morphisms, 
i.e. we have a formal composition * and a formal identity id* (the empty composition) 
associated to every object a € Y. We introduce six „basic" 2-morphisms: 

(1) Four of essential type: 

(a) Thin homotopy classes of bigons E : 71 => 72 in Y going between paths. 

(b) Thin homotopy classes of paths : a — >■ a' in Y^ considered as 2- 
isomorphisms 

: a' * TTi (0) ==> 7T2(0) * a, 

going between 1-morphisms mixed from jumps and paths. 

(c) Points H £ Y^ considered as 2-isomorphisms 

H : 7r 23 (H) * 7Ti 2 (E) => 7ri 3 (H) 

going between jumps. 
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(d) Points a € Y considered as 2-isomorphisms 

A a : id* =^> (a, a) 
relating the formal identity with the trivial jump. 

In (b) to (d) we demand that the 2-morphisms G, S and A a come with formal inverses, 
denoted by G _1 , H^ 1 and A^ 1 . 

(2) Two of technical type: 

(a) associators for the formal composition, i.e. 2-isomorphisms 

a /?i,/3 2 ,/3 3 : (/% * h) *Pl => /% * (/% * ft) 
for Pk either paths or jumps, and unifiers 

lp : (3 * id* => /3 and rp : id*, * j3 (3. 

(b) for points a £ Y and composable paths 71 and 72 2-isomorphisms 

u* : id a =^> id^ and c* l 72 : 72 * 71 ==> 72 ° 7i 

expressing that the formal composition restricted to paths compares to the usual 
composition of paths. 

Now we consider the set which is freely generated from these basic 2-morphisms in 
virtue of a formal horizonal composition * and a formal vertical composition ©. The 
formal identity 2-morphisms are denoted by id® : j3 => (3 for any 1-morphism [3. The 
set of 2-morphisms of the 2-category V^iM) is this set, subject to the following list of 
identifications: 

(I) Identifications of 2-categorical type. The formal compositions * and ©, and the 2- 
isomorphisms of type (2a) form the structure of a 2-category and we impose all iden- 
tifications required by the axioms (CI) to (C4). 

(II) Identifications of 2-functorial type. We have the structure of a 2-functor 

i-V 2 {Y) Vl{M). 

This 2-functor regards points, paths and bigons in Y as objects, 1-morphisms of type 
(1) and 2-morphisms of type (la), respectively. Its compositors and unitors are the 
2-isomorphisms c* and u* of type (2b). We impose all identification required by the 
axioms (Fl) to (F4) for this 2-functor. 
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(III) Identifications of transformation type. We have the structure of a pseudonatural 
transformation 

: TT l L — >■ 7T 2 t 

between 2-functors defined over Y^. Its component at a 1-morphism : a — 5- a' in 
Vi(Y^) is the 2-isomorphism G of type (lb). We impose all identifications required 
by the axioms (Tl) and (T2) for this pseudonatural transformation. 

(IV) Identification of modification type. We have the structure of a modification 

vr 2 * 3 ro< 2 r 7rl 3 r (2.1) 

between pseudonatural transformations of 2-functors defined over Y®. Its component 
at an object E S Y^ is the 2-isomorphism 5 of type (lc). We have the structure of 
another modification 

id t =^> A*r (2.2) 

between pseudonatural transformations of 2-functors over Y, whose component at an 
object a £ Y is the 2-isomorphism A a of type (Id). We impose all identifications 
required by the commutativity of diagram (IA.2I) for both modifications. 

(V) Identifications of essential type: 

1. For every point £ Y^ we impose the commutativity of the diagram 

(7r 34 (*) *vr 23 (^)) *tti 2 (*) 

234(*)»d* 



7T2 4 (^) * 7Ti 2 (^) 




* (vr 23 (^) *7Ti 2 (*)) 




id**7Tl23(*) 

7r 34 (*) *iria(*) 




7T134(*) 



7Ti 4 (*) 



of compositions of jumps. 
2. For every point a G V' 2 ' we impose the commutativity of the diagrams 



idt * a 



fe*id 



(b, b) * a 



a * id a => a * (a, a) 





and 



(a,6,6) 



a 
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According to (I) we have denned a 2-category (M), We show in Appendix [B] that it 
is actually a 2-groupoid (Lemma IB. ip . We also have a 2-functor 

i ■■ V 2 {Y) ^ PJ(M), 

a pseudonatural transformation T and modifications (|2.1I) and (12, 2p claimed by identifica- 
tions (II), (III) and (IV). 

As we shall see next, the codescent 2-groupoid joins two important features: the first 
relates it to the path 2-groupoid of M and is described in the next subsection. The second 
relates it to the descent 2-category from Section [T] and is described in Section 12.31 

2.2 Lifts of Paths and Bigons 

There is a canonical strict 2-functor 

p n : Vl(M) V 2 (M) 

whose composition with the 2-functor i is equal to the 2-functor 7r* : V%{Y) — >■ V2(M) 
induced from the projection, 

p"ot = 7r t . (2.3) 

It sends all 1-morphisms and 2-morphisms which are not in the image of t to identities. In 
this section we show 

Proposition 2.2. The 2-functor jf is an equivalence of 2- categories. 

To prove this proposition we introduce an inverse 2-functor 

s : V 2 {M) PJ (M). 

Since the 2-functor jf is surjective on objects, we call s the section 2-functor. To define s, 
we lift points, paths and bigons in M along the surjective submersion 7r, and use the jumps 
and the several 2-morphisms of the codescent 2-groupoid whenever such lifts do not exist. 

For preparation we need the following technical lemma whose proof is postponed to 
Appendix iBl 

Lemma 2.3. Let 7 : x — >- y be a paths in M, and let x,y £ Y be lifts of the endpoints, 
i.e. tt(x) = x and ir(y) = y. 

(a) There exists a 1-morphism 7 : x — 9- y in V 2 {M) such thatp^i^j) = 7. 

(b) Let 7 : x — >■ y andj' : x, — >■ y be two such 1-morphisms. Then, there exists a unique 
2-isomorphism A : 7 => 7' in T'J(M) such that p 7T {A) = id 7 . 
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To construct the 2-functor s we fix choices of an open cover {Ui}i G i of M together 
with sections cr, : J7j — >■ Y, and of lifts s(p) G Y for all points p £ M. We also fix, for 
every path 7 : x — >■ y in M, a 1-morphism 5(7) : s(x) — *- s(y) in (M). Such lifts exist 
according to Lemma l2~3l (a). For the identity 1-morphisms id^ we may choose the identity 
1-morphisms id*^. This defines s on objects and 1-morphisms. 

Now let E : 71 => 72 be a bigon in M. Its image E([0, l] 2 ) C M is compact and 
hence covered by open sets indexed by a finite subset J C I. We choose a decomposition 
of E in a vertical and horizontal composition of bigons 

{EjjjGJ such that E^-QO, l] 2 ) C U s . 
Then we define s(E) to be composed from the 2-morphisms s(Ey) in the same way as E 
was composed from the Ej. It remains to define the 2-functor s on bigons E which are 
contained in one of the open sets U which has a section a : U — Y. We define for such a 
bigon 



s(7l) 




s(72) 



where the unlabelled 1-morphisms are the obvious jumps, and the unlabelled 2-morphisms 
are the unique 2-isomorphisms from Lemma 12.31 (b). 

The 2-functor s : V 2 {M) V%(M) defined like this is not strict. While its unitor 
is trivial because we have by definition s(id x ) = id*^, its compositor c 7li72 : 5(72) 
s {li) => 5(72 7i) is defined to be the unique 2-isomorphism from Lemma f2T3l (b). All 
axioms for the 2-functor s follow from the uniqueness of these 2-isomorphisms. 

Now we can proceed with the 

Proof of Proposition 12.21 By construction we find p w o s = idp 2 (M)- It remains to 
construct a pseudonatural equivalence 

(: sop 7 " id P j (M) . 
We define ( on both basic 1-morphisms. Its component at a path is 

s(7r ( a) ) J^Lll s(7r(6) ) 

C : a^U b ' ** 

a >• h 
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where the unlabelled 1-morphisms are again the obvious jumps, and the 2-isomorphism is 
the unique one. Notice that if s^^) happens to be just a path, this 2-isomorphism is just 
of type (lb). The component of ( at a jump is 




with x := 7r(7Ti(a)) = 7r(7r2(a)), this is just one 2-isomorphism of type (lc). For some 
general 1-morphism, £ puts the 2-isomorphisms above next to each other; this way axiom 
(Tl) is automatically satisfied. Axiom (T2) follows again from the uniqueness of the 2- 
morphisms we have used. 

In order to show that £ is invertible we need to find another pseudonatural transforma- 



tion £ : id-pj( A f) — >- sop 77 together with invertible modifications : £ o ( 



id 



sop" 



and 

3c, '■ idid P 7r (M) => C°£ that satisfy the zigzag identities. The pseudonatural transformation 
£ can be defined in the same way as £ just by turning the diagrams upside down, using the 
formal inverses. The modifications and assign to a point a &Y the 2-isomorphisms 



s(tt(«)) -A( s |(a)))^ a(7r(a)) and 





(•*■(»)) 



C(«) ^ s(tt(o)) 



that combine 2-isomorphisms of type (lc) and (Id). The zigzag identities are satisfied due 
to the uniqueness of 2-isomorphisms we have used. □ 



Corollary 2.4. The section 2-functor s : Vz{M) — s- V%(M) is independent (up to pseu- 
donatural equivalence) of all choices, namely the choice of lifts of points and 1-morphisms, 
the choice of the open cover, and the choice of local sections. 

This follows from the fact that any two weak inverses of a 1-morphism in a 2-category 
are 2-isomorphic. 

2.3 Pairing with Descent Data 

In this section we relate the codescent 2-groupoid V^iM) to the descent 2-category Ses^(i) 
defined in Section 11.21 in terms of a strict 2-functor 

R : Ses^(i) Punct(7^(M), T). 
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This 2-functors expresses that the 2-groupoid V%(M) is „T-dual" to the descent 2-category; 
this justifies the notion codescent 2-groupoid. 

The 2-functor R labels the structure of the codescent 2-groupoid by descent data in a 
certain way. To start with, let (triv, g, ip, /) be a descent object. Its image under R is a 
2-functor 

R(tnvM) ■ WW) — T 

which is defined as follows. To an object a G Y it assigns the object trivj(a) in T. On basic 
1-morphisms it is defined by the following assignments: 



, • / \ tr M7) . 

tnvi (a) *- trivia J 



7ri(a) - > 7r 2 (a) 



7r^trivi(a) 



9(a) 



712 trivia). 



To a formal composition of basic 1-morphisms it assigns the composition of the respective 
images and to the formal identity id* at a point a G Y it assigns id triv .( a ). On the basic 
2-morphisms of essential types (la) to (Id) it is defined by the following assignments: 



71 



•CD 



72 



7r 1 (a) »-7ri(a') 



e 



7T 2 (S) 



7T12(S) 




T13(S) 



id! 



Ss(S) 

vr 3 (H) 
•A(a) 



trivj(7i) 

trivj(a) trivj(E) trivj(6) 



7r*trivj(a) 



9(a) 



trivj(7 2 ) 
7r*trivj(0) 



(e 



7r*trivi(a') 



9(a') 



^ triv ^«).-^— (5)^2 triv, (a') 
7T2trivi(H) 



Kl9(") / I \*239*C=) 

m 



7r*tri Vi (H) -iU. 7r|trivi(H) 

Tl3S( a ) 

idtriv^o) =^> A 5(a). 



To the basic 2-morphisms of technical type (2a) it assigns associators and unifiers of the 
2-category T . To those of type (2b) it assigns unitors and compositors of the 2-functor i, 
i.e. 



id a ^id: 



triv i (id a )^^^id 
25 



trivi (a) 



72 * 7i > 72 ° 7i trivj (72 ) o triv j (71 ) => triv j (72 07!). 

Finally, some formal horizontal and vertical composition of 2-morphisms is assigned to the 
composition of the images of the respective basic 2-morphisms, the formal horizontal com- 
position replaced by the horizontal composition o of T, and the formal vertical composition 
replaced by the vertical composition • of T. 

By construction, all these assignments are well-defined under the identifications we have 
declared under the 2-morphisms of V^{M): 

• They are well-defined under the identifications (I) due to the axioms of the 2-category 
T. 

• They are well-defined under identifications (II) due to the axioms of the 2-functors 
triv and i. 

• They are well-defined under identifications (III) due to the axioms of the pseudona- 
tural transformation g. 

• They are well-defined under identifications (IV) due to the axioms of the modifications 
ij) and /, 

• They are well-defined under the identifications (V) because these are explicitly as- 
sumed in the definition of descent objects, see diagrams fll.ip and (|1.2p . 

We have now defined the 2-functor R(tm,g,ii)j) on descent objects, 1-morphisms and 2- 
morphisms. Since for all points a £Y 

#(triv,g,i/>,/)( id a) = id t ri Vi (a) = id -R(triv l9 ,tf,/)(a)> 
it has a trivial unitor. Furthermore, 

R(triv, g,iPJ) (7) R(tTiv,g,i>,f)(P) = R(triv,g,ip,f)(l * P) 

for all composable 1-morphisms (5 and 7 of any type, so that it also has a trivial compositor. 
Hence, the 2-functor R(tm,g,ipj) is strict, and it is straightforward to see that the remaining 
axioms (Fl) and (F2) are satisfied. 

So far we have introduced a 2-functor associated to each descent object. Let us now 
introduce a pseudonatural transformation 

R{h,e) : R(triv,g,i>,f) — R (tviv', g'rt'J') 
associated to any descent 1-morphism 

(h,e) : (triv, g,ip,f) (tnv',g', ij)', /'). 
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Its definition is as straightforward as the one of the 2-functor given before. Its component 
at an object a € Y is the 1-morphism 

h(a) : trivia) — >■ triv^(a). 

Its components at basic 1-morphisms are given by the following assignments: 

trivj(a) trivj(a') 



h(a) 



trivia) 



Hi) 



•7r 2 (a) 



7rf trivia) 



7r*/i(a) 



*1 trivj(a) 



triv^( 7 ) 

9(a) 



h(a') 



trivia') 



■ 7T2trivj(a) 



9» 



7r|/i(a) 



■Tr^triv^a) 



For compositions of 1-morphisms, R(h,e) puts the diagrams for the involved basic 1- 
morphisms next to each other. For example, to a composition 7 * a of a jump a = (x, y) 
with a path 7 : y — s- z it assigns the 2-isomorphism 

h(z) o (trivi(7) o g(a)) =^> (triv-(7) o o h(x) 

which is (up to the obvious associators) obtained by first applying ^(7) and then e(a). This 
way, axiom (Tl) for the pseudonatural transformation R(h,e)i namely the compatibility with 
the composition of 1-morphisms, is automatically satisfied. It remains to prove 

Lemma 2.5. The assignments Rfh,e) are compatible with the 2-morphisms of the codescent 
2-groupoid in the sense of axiom (T2). 

Proof. We check this compatibility separately for each basic 2-morphism. For the 
essential 2-morphisms it comes from the following properties of the descent 1-morphism 
(h,e): 

• For type (la) it comes from axiom (T2) for the pseudonatural transformation h. 

• For type (lb) it comes from the axiom for the modification e and from axiom (T2) 
for the pseudonatural transformation h. 

• For types (lc) and (Id) it comes from the conditions (|1.3p and (|1.4p on the descent 
1-morphism (h, e). 



27 



For the technical 2-morphisms it comes from properties of the 2-category T and the one of 
the 2-functor i: for type (2a) it is satisfied because the associators and unifiers of T are nat- 
ural, and for type (2b) it is satisfied because the compositors and unitors of i are natural. □ 

We have now described a 2-functor associated to each descent object and a pseudo- 
natural transformation associated to each descent 1-morphism. Now let (triv, g, ip, f) and 
(triv', g', ip', /') be descent objects and let (hi,ei) and (^2,62) be two descent 1-morphisms 
between these. For a descent 2-morphism 

E : (hi,ei) ==> (h 2 ,e 2 ) 

we introduce now a modification 

Re ■ R(hi,ei) R{h 2 ,e 2 )- 

Its component at an object a € Y is the 2-morphism E(a) : h\(a) => /12(a)- The axiom for 
Re, the compatibility with 1-morphisms, is satisfied for paths because E is a modification, 
and for jumps because of the diagram (|1.5|) in the definition of descent 2-morphisms. 

It is now straightforward to see 

Proposition 2.6. The assignments defined above furnish a strict 2-functor 

R : 2)e4(«) -»- Funct(7 3 2 (M),T). 

The 2-functor R represents the descent 2-category in a 2-category of 2-functors; 
in fact in a faithful way. We recall from Section 11.21 that there is a 2-functor V : 
®es^(i) — s~ Funct(V2(Y),T) which is also a representation of the same kind (but not faith- 
ful). The relation between these two representations is the simple observation 

Lemma 2.7. Ro 1* = V. 

From this point of view, the codescent 2-groupoid enlarges the path 2-groupoid 
by additional 1-morphisms (the jumps) and additional 2-morphisms in such a way that it 
carries a faithful representation of the descent 2-category. 

2.4 Equivalence Theorem 

Now we put the two main aspects of the codescent 2-groupoid together, namely the repre- 
sentation 2-functor R and its equivalence with the path 2-groupoid in terms of the section 
2-functor s. The reconstruction 2-functor Kec n is now introduced as the composition 

— Funct (V2 (M),T) — Funct(P 2 (M), T) ■ 
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Here, s* is the composition with s. According to Corollary 12,41 the reconstruction 2- 
functor is canonically attached to the surjective submersion tt : Y — >■ M and the 2-functor 
i : Gr T. 

In order to show that the reconstruction ends in the 2-category Triv^(i) instead of 
just Funct(V2(M),T) it remains to equip, for each descent object (triv, g, ip, /), the recon- 
structed 2-functor 

F ■= -R(triv,g,i/>,/) ° s 

with a 7r-local i-trivialization (triv, t). Clearly, we take the given 2-functor triv as the first 
ingredient and are left with the construction of a pseudonatural equivalence 



t : n*F 



trivi 



(2.4) 



This equivalence is simply defined by 

V 2 (Y) 



V 2 (M) 



triv 



Vl(M) 




Vl{M) 



^(triv, g, 4>,f) 



Gr- 



where ( is the pseudonatural equivalence from Section 12,21 The triangle on the top of the 
latter diagram is equation (|2.3|) . and the remaining subdiagram expresses the equation 



(triv,g,Vi,/) 



triv,; 



which follows from Lemma 12.71 



We recall that the aim of the present Section [2] was to prove that the extraction of 
descent data, the 2-functor 

Ex^ : THv£(») — 2>e4(»), 

yields an equivalence of 2-categories (Theorem 12. We have so far introduced a canonical 
2-functor 

Rec,, : Triv^(«) 

in the opposite direction. To prove Theorem 12. H it remains to show that the 2-functors Ex,,- 
and Rec^ form a pair of equivalences. This is done in the following two lemmata. 



Lemma 2.8. We have a pseudonatural equivalence Ex^ o Rec^ = id Scs 2(^. 
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Proof. Given a descent object (triv, g, tp, f) let us pass to the reconstructed 2-functor and 
extract its descent data (triv', g', Y>', /'). We find immediately triv' = triv. Furthermore, 
the pseudonatural transformation g' has the components 



TT^trivi(e) 

7rjtrivj(a) >- 7r|trivi (a ) 




where we have introduced an object c a := trivj(s(p)) where p = 7r(7Ti(a)) = 7r(7r2(a)) and 
a 2-morphism E Q := (tvi(o), s(p), 7^(0:)). It is useful to notice that this means that / is a 
modification / : g' => g. The modification ip' has the component 



idtrivjCo) 




c A(a) 



at a point a € Y . Finally, the modification /' has the component 



vr^trivj(H) 




Tlsfl'(S) 



at a point S € Y^, where we have introduced the 2-morphism * := (c~, 7r|trivj(S), c~), 
and p is again the projection of S to M. Now it is straightforward to construct a descent 
1-morphism 

P(triv, 9 ,v,/) : (triv,^,^',/') — >" (triv, 5,^,/) 

which consists of the identity pseudonatural transformation h := id tr i v and of a modification 
e : ir^h o g' => g o -K^h induced from the modification / : g' => (7 and the left and 
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right unifiers. This descent 1-morphism is the component of the pseudonatural equivalence 
p : ~Ex w o Rec^ — *■ id we have to construct, at the object (triv, g, ip, /). 
Let us now define the component of p at a descent 1-morphism 

(h,e) : (trivi,c/i, Y>i,/i) (triv 2 , g 2 , ip2, h)- 

It is useful to introduce a modification e : g2°^2^ l °9i = * > ^l^ 1 where g 2 is the pullback of 52 
along the map — >■ that exchanges the components. It is defined as the following 
composition of modifications: 



g 2 o7T*ho gi 



idoe 



■g 2 og 2 oirlh 

■ 

irlA*g o n^h ■■ 



7Tj V2 lo '^ 



7T*id O ir\h : 



Now, if we reconstruct and extract local data (/i',e'), the pseudonatural transformation h! 
has the components 

■u ■ 1 w !(trivi(7)) -u ■ fUW 
i{tnvi(a)) ^z(tnv 2 (oJj 



h' 



i(7i2trivi(a)) 

n*h(a)^=e( a )- 1 = 
i(7T2triv 2 (a)) 2 



h(a) h(~f 





i(7T 2 *tri Vl (/3)) 



m= 



i(triv 2 (a)) 



j(triv 2 (7)) 



7T 2 *h(/3) 

i(vr 2 *triv 2 (/3)) 
i(triv 2 (6)) 



with a := (a, s(7r(a))) and f3 = (b, s(ir(b))). Like above we observe that e is hence a 
modification e : h! => h. Now, the component P(h,e) we have to define is a descent 2- 
morphism 



(tiW,, g'^'J') 



P(triv 1 ,a 1 ,i/'i,/l) 



(trivi,5i,^i,/i; 



(h>,e>) 



(h,e) 



(triv' 2 , g 2 ,tp 2 ,f 2 ] 



/ , (triv 2 ,92.V'2>/2) 



(tiw 2 ,g 2 ,i/j 2 ,f 2 ), 



this is just a modification id o h! => h o id since the vertical arrows are the identity 
pseudonatural transformations. We define P(h,e) from e and right and left unifiers in the 
obvious way. It is straightforward to see that this defines indeed a descent 2-morphism. 
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Finally, we observe that the definitions P(tvn,g,ip,f) an d P(h,e) furnish a pseudonatural 
equivalence as required. □ 



The second part of the proof of Theorem 12.11 is 

Lemma 2.9. There exists a pseudonatural equivalence id^^^ = Rec^ oEx T . 

Proof. For a 2-functor F : V-2(X) — >■ T and a 7r-local i-trivialization (triv, t), let 
(triv, g, ip, /) be the associated descent data. We find a pseudonatural transformation 

in the following way. Its component at a point x G X is the 1-morphism t(s(x)) : 
F(x) — s- trivj(s(x)) in T. To define its component at a path 7 : x — *- y we recall that 
5(7) is a composition of paths ji : en — >■ 6j and jumps «j, so that we can compose ??f(7) 
from the pieces 



7r*F(a;) n*F(bi 



VF(bi) and 



triv,- (a,- 



triv; (7) 



•trivj(6j 




7Titrivi(a) — 



g( a ) 



where i t : t ot => id is the modification chosen to extract descent data. This defines the 
pseudonatural transformation tjf associated to a 2-functor F. 

Now let A : F\ — >■ F2 be a pseudonatural transformation between two 2-functors with 
local trivializations (trivial) and (triv2,t2)- Let (h,e) the associated descent 1-morphism. 
It is now straightforward to see that 



defines a modification in such a way that both definitions together yield a pseudonatural 
transformation 77 : id Triv 2^ — >■ Rec n o Ex n . It is clear that r\ is even a pseudonatural 
equivalence. □ 



We have now derived a correspondence between the globally defined 2-functors and 
their descent data. This correspondence is important because we can now characterize the 
transport 2-functors we are aiming at, by imposing conditions on their descent data in a 
consistent way. This is the subject of the next section. 
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3 Smoothness Conditions 



In the foregoing two sections we have introduced the algebraical setting for locally trivial 
2-functors denned on the path 2-groupoid of a smooth manifold. In this section we impose 
additional smoothness conditions on these 2-functors that yield the appropriate notion of 
(parallel) transport 2-functors. 

In Section [3~T1 we review how to decide if a 2-functor on a path 2-groupoid is smooth or 
not. In Section f3T2l we use this notion of smoothness to characterize smooth descent data 
among all descent data. Transport 2-functors are defined in Section l3~3l as 2-functors which 
admit local trivializations with smooth descent data. We discuss several examples of Lie 
2-groupoids Gr that correspond to important classes of transport 2-functors. In Section 
13.41 we construct an example of a transport 2-functor, the curvature 2-functor associated to 
any fibre bundle with connection. 

3.1 Smooth Functors 

Let us start with a review on smooth functors between ordinary categories. The general 
idea of smooth functors is to consider them internal to smooth manifolds. That is, the sets 
of objects and morphisms of the involved categories are smooth manifolds, and a smooth 
functor consists of a smooth map between the objects and a smooth map between the 
morphisms. Categories internal to smooth manifolds are called Lie categories. However, in 
the situation of a functor 

F : Vi{X) S 

defined on the path groupoid of a smooth manifold X we encounter the problem that 
V\(X) is not a Lie category: the set P l X of morphisms of the path groupoid is not a 
smooth manifold. 

One generalization of smooth manifolds which is appropriate here is the „convenient 
setting" of diffeological spaces |Sou81j . Diffeological spaces and diffeological maps form a 
category D°° that enlarges the category C°° of smooth manifolds by means of a faithful 
functor 

C°° D°°. 

This means: any smooth manifold can be regarded as a diffeological space in such a way 
that a map between two smooth manifolds is smooth if and only if it is diffeological. For 
an introduction to diffeological spaces we refer the reader to the recent paper [BH08] or to 
Appendix A.2 of ISW07J. 

Diffeological spaces admit many constructions that are not possible in the category 
of smooth manifolds. We need two of them. If X and Y are diffeological spaces, the set 
D°°(X, Y) of diffeological maps from X to Y forms again a diffeological space. In particular, 
the set of smooth maps between smooth manifolds is a diffeological space. This is relevant 
for the set PX of paths in a smooth manifold X which is a subset (due to the requirement 
of sitting instants) of C°°([0, 1],-X"), and hence a diffeological space. 
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The second construction that we need is taking quotients. That is, if X is a diffeological 
space and ~ is an equivalence relation on X, the set Xj ~ of equivalence classes is again a 
diffeological space. This is relevant since the set of morphisms of the path groupoid of X is 
the set P 1 X := PXj ~, where ~ is thin homotopy equivalence; thus P l X is a diffeological 
space. 

Summarizing, the path groupoid V\(X) is a category internal to diffeological spaces. 
We call a functor F : Vi(X) — >- S smooth if it is also internal to diffeological spaces. 
Explicitly, a smooth functor consists of a smooth map F : X — s- Sq on objects, and of 
a diffeological map F\ : P 1 X — >■ Si on morphisms. Similarly, a natural transformation 
77 : F — >■ F' is called smooth if its components at points x G X form a smooth map 
X — >■ S\. The category of smooth functors and smooth natural transformations is denoted 
by Funct°°CPipr),S). 

In order to illuminate that this notion of smooth functors is appropriate for connections 
in fibre bundles we recall a central result of |S W07| about smooth functors with values in 
the Lie groupoid BG associated to a Lie group G. This groupoid has just one object, and 
G is its set of morphisms. The composition is <?2 9i '■= 929i- Thus, BG is obviously a 
Lie groupoid. Associated to the smooth manifold X and the Lie group G is a well-known 
category Z] c {G) oa of G -connections on X whose objects are 1-forms A G Q (X,g) with 
values in the Lie algebra q of G and whose morphisms are smooth functions g : X — s- G 
acting as gauge transformations on the 1-forms in the usual way. 

Theorem 3.1 (Proposition 4.5 in |S W07j ). There is a canonical isomorphism of categories 

Fajxct°°(Pi(X) t BG) = Z^G) 00 . 

Explicitly, the smooth functors F : V\{X) — >■ BG correspond one-to-one to 1-forms 
A G VL l {X, g), and the smooth natural transformations rj : F\ — >■ F2 correspond one-to- 
one to gauge transformations between the associated 1-forms A\ and A%. Thus, the notion 
of diffeological spaces is able to recover well-known differential-geometric structure. 

We can go even further. The category Z\{G)°° can be seen as the category of local data 
of trivial principal G-bundles with connection, so that the smooth functors correspond to 
trivial principal G-bundles with connection. This is just the local version of the following 
global relation: 

Theorem 3.2 (Theorem 5.8 in [SW07| 1. Let X be a smooth manifold. There is a canonical 
surjective equivalence 

Trans^ G (X,G-Tor) ^ *Bun^(X) 

between the category of transport functors on X with BG-structure and the category of 
principal G-bundles with connection over X. 

Transport functors have been introduced in [S W07] as an alternativ reformulation of 
fibre bundles with connection, and the latter theorem is one possible manifestation. We 
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omit to give a review on transport functors at this place; for the following discussion it 
is only important to keep in mind that there is a category of functors F : V\{X) — *■ T 
qualified by „structure groupoids" Gr, such that for certain choices, e.g. T = G-Tor and 
Gr = BG like above, concrete differential-geometric structure is obtained. 

Summarizing, diffeological spaces are appropriate to describe differential-geometric 
structure in category-theoretical terms. We will therefore also use diffeological spaces to 
define smooth 2-functors. 

First we extend the notion of smoothness from functors to 2-functors. The set B 2 X of 
thin homotopy classes of bigons in X is a diffeological space in the same way as the set P 1 X 
explained above. We shall call a strict 2-functor F : — >■ S with values in a Lie 2- 
category S smooth, if it consists of a smooth map Fq : X — >■ So on objects, of a diffeological 
map F\ : P 1 X — >■ S\ on 1-morphisms and of a diffeological map F2 : B 2 X — >■ S2 on 2- 
morphisms. A pseudonatural transformation p : F — »- F' is called smooth if its components 
p(x) at points x G X and ^0(7) at paths 7 in X furnish a smooth map X — >■ Si and 
a diffeological map P 1 X — e- S2, A modification A : p\ => P2 is called smooth if its 
components A{x) form a smooth map X — s- Sq. All these form a strict 2-category denoted 
Funct 00 (V2 (X) , S) . 

We already have evidence that this definition is appropriate: the correspondence of 
Theorem 13.11 between smooth functors and differential forms extends to 2-functors [SW08] 
in the following way [SW08| . First, the notion of a Lie group has to be generalized. 

Definition 3.3. A Lie 2-group is a strict monoidal Lie category ((5, M, 11) together with a 
smooth functor i : — 5- such that 

lii(I) = 1L = i(X) m X and f M i(f) = id^ = i(f) Kl / 

for all objects X and all morphisms f in 05. 

We described in AppendixE] Example IA. 21 how the strict monoidal category (©, M, 1L) 
defines a strict 2-category B<5 with a single object. The additional functor i assures that 
B<5 is a strict 2-groupoid. 

We infer that every Lie 2-group can be obtained from a smooth crossed module [BS76J, 
also see |BL04j for a review. These crossed modules are the differential geometric counter- 
part of the category theoretic definition of a Lie 2-group. 

Definition 3.4. A smooth crossed module is a collection (G, H, t, a) of Lie groups G and 
H , and of a Lie group homomorphism t : H — >■ G and a smooth map a : G x H — *- H 
which defines a left action of G on H by Lie group homomorphisms such that 

a) t(a(g, h)) = gt(h)g~ l for all g G G and h G H . 

b) a(t(h),x) = hxh^ 1 for all h,x G H. 
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The construction of a Lie 2-group = <8(G, H, t, a) from a given smooth crossed module 
(G, H, t, a) can be found in the Appendix of |SW08| . Combining this construction with the 
one of Lie 2-groupoids out of Lie 2-groups, we obtain a Lie 2-groupoid B& associated to 
each crossed module <S = (G,H,t,a). Here it will suffice to describe this resulting Lie 
2-groupoid B&: it has one object denoted *, a 1-morphism is a group element g € G, the 
identity 1-morphism is the neutral element, and the composition of 1-morphisms is the 
multiplication, #2 ° 9i '■= 9i9\- The 2-morphisms are pairs (g,h) € G x H, considered as 
2-morphisms 

9 



with 

The vertical composition is 



g' ■■= t(h)g. 





< h'h H 



with g' = t(h)g and g" = t{h')g' = t(h'h)g, and the horizontal composition is 

9291 



I s hi * ha * 



9i 



9-2 




All these composition laws are uniquely determined by the crossed module, up to two 
conventional choices that enter the constructions mentioned above. 

Now we are in the position to consider the 2-category Funct^T^A), B<5) of smooth 
2-functors, smooth pseudonatural transformations and smooth modifications with values in 
the Lie 2-groupoid B<5. We have shown [SW08j : 

1. Any smooth 2-functor F : Vi{X) — ^ B(5 induces a pair of differential forms: a 1- 
form A € Q 1 (A, q) with values in the Lie algebra of G, and a 2-form B G Q 2 (X, h) 
with values in the Lie algebra of H . 
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2. Any smooth pseudonatural transformation p : F — >■ F' gives rise to a 1-form (p € 
Q 1 (X, fj) and a smooth map g : X — s- G. The identity id : F — >■ F has tp = and 
g = 1. If pi and /92 are composable pseudonatural transformations, the 1-form of 
their composition p2 o pi is (a 52 )* ° + ¥>2, and their map is g 2 gi : A — >■ G. 

3. Any smooth modification A : p =^> p' gives rise to a smooth map a : X — s- H. The 
identity modification id p has a = 1. If two modifications .Ai and A2 are vertically 
composable, A2 • Ai has the map 0201. If two modifications Ai : pi => p[ and 
A2 : P2 => p'2 are horizontally composable, A2 o A\ has the map a2«(g2) ai)- 

It has been a straightforward but tedious calculation to convert the axioms of 2-functors, 
pseudonatural transformations and modifications into relations among these forms and 
functions. The results are the following [SW08]: the axioms of a 2-functor F infer 

dA + [AAA] =U °B. (3.1) 

The axioms for a pseudonatural transformation p : F — >■ F' infer 

A' + Uop = Ad g (A)-g*e (3.2) 
B' + a*(A' A(p) +dip + [tp Aip] = (a f )»oB, (3.3) 

Similar results have been derived in |MP07| . Finally, the axioms for a modification A : 
p => p' infer 

g' = (toa)-g and <p' + (r" 1 o a )»(A') = Ad a (<p) - a*6. (3.4) 

This structure made of differential forms and smooth functions naturally forms a strict 
2-category Z|-(0)°°: the objects are pairs (A,B) satisfying (|3.ip etc. This 2-category 
generalizes the category Zj c (G) <X) from above, and has hence to be understood as the 
category of &- connections on X [S W08j. Moreover, the procedure described above furnishes 
a strict 2-functor 

V : Funct°°CP2pO,£<5) ->■ Z^((5)°°. (3.5) 
The main result of [SW08] is now 

Theorem 3.5 (Theorem 2.20 in |SW08| ). The strict 2-functor V is an isomorphism 

Funct°°(V 2 (X),B<8) = Z 2 X {<&)°° , 

and has a canonical strict inverse 2-functor. 

This theorem generalizes Theorem l3.ll and shows that the notion of diffeological spaces 
is also appropriate to qualify smooth 2-functors. 

In the following section we use smooth 2-functors and transport functors to impose 
smoothness conditions on the descent data of 2-functors. The relation to differential forms 
will again be important in Section 21 
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3.2 Smooth Descent Data 



In this section we select a sub-2-category £>es^(i)°° of smooth descent data in the 2-category 
of descent data. Transport 2-functors will then be defined as 2-functors with smooth 
descent data. Certainly, if (triv, g, ifi, f) is a descent object, we demand that the strict 2- 
functor triv : — ^ Gr has to be smooth in the sense discussed in the previous section. 
The question what the smoothness condition for the pseudonatural transformation g and 
the modifications tp and / is, is more difficult since they take their values not in the Lie 
2-category Gr but in the 2-category T which is in most applications not a Lie 2-category. 

As anticipated in Section 6.2 of [SW07], the definition of a „transport n-functor" is 
supposed to rely on a recursive principle in the sense that it uses the notion of transport 
(n — l)-functors. Accordingly, we will now use transport functors to state the remaining 
smoothness conditions. Namely, the pseudonatural transformation 

g : 71"^ triv j — 9- vr^trivj 

can be viewed as a certain functor defined on V\(Y^), and the smoothness condition on g 
will be that it is a transport 1-functor on Y^. A little motivation might be the observation 
that g corresponds by Theorem 13.21 to a fibre bundle over - one of the well-known 
ingredients of a bundle gerbe, see Sections 14.21 and 14.31 

Let us first explain in which way a pseudonatural transformation between two 2-functors 
can be viewed as a functor. We consider 2-functors F and G between 2-categories S and T. 
Since a pseudonatural transformation p : F — 9- G assigns 1-morphisms in T to objects in S 
and 2-morphisms in T to 1-morphisms in S, the general idea is to construct a category So,l 
consisting of objects and 1-morphisms of S and a category AT consisting of 1-morphisms 
and 2-morphisms of T such that p yields a functor 

&{p) : S ,i — AT. 

If S is strict, forgetting its 2-morphisms yields immediately the category Sq,i. The construc- 
tion of the category AT is more involved. If T is strict, its objects are the 1-morphisms 
of T. A morphism between / : Xf — 9- Yf and g : X g — >■ Y g is a pair of 1-morphisms 
x : Xf — s- X g and y : Yf — *■ Y g and a 2-morphism 



f 

Yf — V, 



(3.6) 



This gives indeed a category AT, whose composition is defined by putting the diagrams next 
to each other. Clearly, any strict 2-functor / : T' — >~ T induces a functor A/ : AT' — >■ AT. 
For a more detailed discussion of these constructions we refer the reader to Section 4.2 of 
[SWOSj . 
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Now let p : F — >■ G be a pseudo-natural transformation between two strict 2-functors 
from S to T. Sending an object X in S to the 1-morphism p(X) and sending a 1-morphism 
/ in S to the 2-morphism p{X) now yields a functor 

&{p) : S ,! — AT. 

It respects the composition due to axiom (Tl) for p and the identities due to Lemma 
IA.91 Moreover, a modification A : p\ => P2 defines a natural transformation ^(A) : 
&{jP\) =^ ^(pz)} so that the result is a functor 

& : Hom(T, G) Funct(5 ,i, AT) (3.7) 

between the category of pseudonatural transformations between F and G and the category 
of functors from 5o,i to AT, for S and T strict 2-categories and F and G strict 2-functors. 

In the case that the 2-category T is not strict, the construction of AT suffers from the 
fact that the composition is not longer associative. The situation becomes treatable if one 
requires the objects Xf, Yf and X g , Y g and the 1-morphisms x and y in (|3.6p to be contained 
the image of a strict 2-category T str under some 2-functor i : T str — ^ T. The result is a 



i(x'ox) 




i(y'oy) 



Figure 1: Objects, morphisms and the composition of the category 
AjT (the diagram on the right hand side ignores the associators and 
the bracketing of 1-morphisms). Here, c is the compositor of the 
2-functor i. 

category AjT, in which the associativity of the composition is restored by axiom (F3) on 
the compositor of the 2-functor i. We omit a more formal definition and refer the reader 
to Figure Q] for an illustration. For any 2-functor / : T — s- T', a functor 

AT : AjT A Foi T' 
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is induced by applying / to all involved objects, 1-morphisms and 2-morphisms. If S is the 
strict 2-category from above, we may now consider strict 2-functors F and G from S to 
T str . Then, the functor 13771 generalizes straightforwardly to a functor 

& : Hom(i o F,ioG) — >■ Funct(5 ,i, A l T) 

between the category of pseudonatural transformations between i o F and i o G and the 
category of functors from 6*0,1 to AjT. 

The following properties of & are easy to see. It is natural with respect to strict 
2-functors / : S' — >- 5 in the sense that the diagram 

Hom(i oF,ioG) ^ Funct(5 ,i, AjT) 



r 



r (3.8) 



Hom(i o F o /, i o G o f) Funct(5 1 , AjT) 

is commutative. It also preserves composition: if F,G,H : S — T str are three strict 
2-functors, the diagram 

Hom(ioG, ioH) x Hom(ioF, ioG) Funct(5 ,i, A,T) x Punct(Sb,i, AjT) 

(3.9) 

Hom(i o H, i o F) ^ Funct(5 0) i, A^T) 

is commutative. Here, the tensor product (g> has the following meaning. The composition of 
morphisms in AjT was defined by putting the diagrams (|3.6|) next to each other as shown in 
Figure [H But one can also put the diagrams of appropriate morphisms on top of each other, 
provided that the arrow on the bottom of the upper one coincides with the arrow on the 
top of the lower one. This is indeed the case for the morphisms in the image of composable 
pseudonatural transformations under & x J?, so that the above diagram makes sense. In a 
more formal context, the tensor product <g> can be discussed in the formalism of weak double 
categories, but we will not stress this point. However, it will obtain a concrete meaning in 
Section 0~2] and EOS 

In what follows the strict 2-category S will be the path 2-groupoid of some smooth 
manifold, and the strict 2-functors / : S' — S will be induced by smooth maps. Notice 
that for 5 = ^(A) we obtain So,i = V\{X), the path 1-groupoid of the manifold X. 

Now we begin the discussion of smooth descent data of 2-functors V%(M) — > T with 
7r-local i-trivializations, for ir : Y — 3- M a surjective submersion and i : Gr — *~ T a 2- 
functor. Let (triv, g, tp, /) be a descent object in the associated descent 2-category Dcs^i). 
Now, the strict Lie 2-groupoid Gr plays the role of the strict 2-category T str in the above 
setting, and the path 2-groupoid V2(Y^) the one of S. The two 2-functors F and G are 
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7r*triv and vr^triv. Accordingly, the pseudo-natural transformation g : 7r^trivj — »- vr^trivj 
induces a functor 

Similarly, the modification if) : idtriv^ — >• A*g induces a natural transformation 

and here we have used the commutativity of diagram (|3.8p . Finally, the modification / 
induces a natural transformation 

■£"(/) = t 2 *3^(3) ® vr! 2 ^( 5 ) => ^3^(5) 

where we have again used the commutativity of diagram ((3.8 jt and also the one of (13. 9|) . 

We have now converted a descent object into a 2-functor triv, a functor ^(g) and two 
natural transformations <^(ip) and &(f). In order for the functor &(g) to qualify as a 
transport functor we need a Lie groupoid and a functor to its target category AjT. This 
will be the functor 

Ai : AGr AjT, 

and AGr is indeed a Lie groupoid because Gr is a Lie 2-groupoid. Summarizing, 

Definition 3.6. A descent object (triv, g, ip, f) is called smooth provided the 2-functor triv : 
^(y) — »- Gr is smooth, the functor 3?{g) is a transport functor with AGr- structure and 
the natural transformations ip and f are morphisms of transport functors. 

In the same way we qualify smooth descent 1-morphisms and descent 2-morphisms. A 
descent 1-morphism 

(h,e) : (triv, g, ip,f) (triv', g' , if)', f) 
is converted into a functor 

&{h) :Vi(Y) — AjT 

and a natural transformation 

We call the descent 1-morphism (h, e) smooth, provided the functor &(K) is a transport 
functor with AGr-structure and the natural transformation ^(e) is a 1-morphism of trans- 
port functors. A descent 2-morphism E : (h, e) => (h',e') is converted into a natural 
transformation 

and we call E smooth, provided the natural transformation &(E) is a 1-morphism of 
transport functors. Compositions of smooth descent 1-morphisms and smooth descent 2- 
morphisms are again smooth, so that we obtain a sub-2-category £>es^(i)°° of S)es^(i), 
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called the 2-category of smooth descent data. The following discussion shows that one can 
consistently characterize globally defined 2-functors by smooth descent data. 

Using the equivalence Ex^ from Section [L3l we obtain a sub-2-category Triv^(i)°° of 
the 2-category Triv^(i) of 2-functors with 7r-local i-trivialization consisting only of those 
objects, 1-morphisms and 2-morphisms whose associated descent data is smooth. 

Lemma 3.7. The 2-functors Ex^ and Rec^- restrict to equivalences of 2-categories, 

Triv^i) 00 ^2)es2(*)°°. 

Proof. First of all, it is clear that the restriction of Ex„. to Triv^(i) 00 is a 2-functor 
whose image is contained in £>es^(i)°°. To prove that the image of the restriction of Rec^ 
is contained in Triv^(i) 00 we have to show that Ex^ o Rec^ restricts to an endo-2-functor 
of £)es^(i)°°. Indeed, by Lemma l2~8l this 2-functor is pseudonaturally equivalent to the 
identity, and going through the proof of this lemma shows that the components of the 
pseudonatural equivalence p we have constructed there are smooth descent 1-morphisms 
and smooth descent 2-morphisms. 

Secondly, the pseudonatural equivalence rj : id Triv 2 u\ — Rec^ o Ex n constructed in the 
proof of Lemma 12.91 has components rj(F) in smooth pseudonatural transformations and 
rj(A) in smooth modifications, i.e. those with smooth descent data. Namely, for a functor 
F with trivialization (tt, t, triv) and the canonical trivialization (|2.4|l of 2-functors in the 
image of Recv, the descent 1-morphism corresponding to the pseudonatural transformation 
77(F) is given by the pseudonatural transformation g of the descent object (triv, g, f) 
corresponding to F and a modification composed from the modifications / and ip. The 
descent object is by assumption smooth, and so is rj(F). The same argument shows that 
the component rj(A) of a pseudonatural transformation A : F — 9- F' with smooth descent 
data is smooth. □ 

We have now generalized Theorem 12.11 the equivalence between 2-functors with local 
trivialization and descent objects, to the smooth case. This will be an important part of 
the equivalence between smooth descent data and transport 2-functors that we introduce 
in the following section. 

3.3 Transport 2-Functors 

Now we come to the main point of Section [3j 

Definition 3.8. Let M be a smooth manifold, Gr a strict Lie 2-groupoid, T a 2-category 
and i : Gr — *- T a 2-functor. 

1. A transport 2-functor on M with Gv-structure is a 2-functor 

tra : V 2 {M) T 
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such that there exists a surjective submersion ir : Y — 9- M and a ir-local i- 
trivialization (triv, t) whose descent object Ex^tra, triv, t) is smooth. 

2. A transport transformation between transport 2-functors tra and tra' is a pseudona- 
tural transformation 

A : tra — *- tra' 

such that there exists a surjective submersion ir together with n-local i-trivializations 
of tra and tra' for which the descent 1-morphism Ex n (A) is smooth. 

3. A transport modification is a modification B : A\ => A2 such that the descent 2- 
morphism Ex vr (B) is smooth. 

Transport 2-functor tra : Vi{M} — >■ T with Gr-structure, transport transformations 
and transport modifications form a 2-category that we denote by TransQ r (M, T). We 
emphasize that in the structure of a transport 2-functor no surjective submersion or open 
cover is fixed: transport 2-functors are manifest globally defined structures. 

We want to establish an equivalence between these globally defined transport 2-functors 
and their smooth descent data. For this purpose we remark that the 2-categories Triv^(z) 00 
of 2-functors with smooth local trivializations and £>es^(z)°° of smooth descent data form 
directed systems with respect to the surjective submersion tt : Y — 9- M and refinements 
of those: surjective submersions £ : Y' — » Y such that n' = ir o £. Namely, for each such 
refinement £ there are canonical 2-functors 

res c : Triv^i) 00 Triv^^i) 00 and res c : Des^i) 00 Des^i) 00 . 

These 2-functors just pullback all the structure along the refinement map C : Y' — *■ Y. It 
is thus clear that they compose strictly for iterated refinements. Now we take the direct 
limit over all surjective submersions and their refinements. This direct limit is to be taken 
in the category of 2-categories, in order to make things as easiest as possible. 

In general, suppose that S(ir) are 2-categories, one for each surjective submersion tt : 
Y — 5- X, and F(Q : S(ir) — 9- S(tt') are 2-functors, one for each refinement ( : Y' — >■ Y , 
such that F{Cf o Q = F((') o F(Q for repeated refinements. In this situation, the direct 
limit is a 2-category 

Sm '■= limS(7r) 

7T 

together with 2-functors G(ir) : S(ir) — *- Sm such that 

(a) G(tt) = G(vr') o F(() for every refinement ( : Y' — *- Y and 

(b) the following universal property is satisfied: for any other 2-category S' and 2-functors 
G'(tt) : S(tt) — 9- S' satisfying (a) there exists a unique 2-functor 

C : Sm — *" 

such that G'(tt) = CoG(vr). 
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In the category of 2-categories, these (co)limits always exist and are uniquely determined 
up to strict equivalences of 2-categories. 

In the present situation, we obtain 2-categories 

Triv 2 (i)^ := lim Triv 2 (i)°° and Des 2 (i)^ := limSes 2 («)°°. 

7T 7T 

Since the 2-functors Ex^ and Rec„- commute with the 2-functors rec^ above, it is easy 
to deduce from the universal property and Lemma 13.71 that these two 2-categories are 
equivalent. 

Next we want to show that the 2-categories Triv 2 (i)^ and TransQ r (M, T) are equivalent. 
From the universal property we obtain a unique 2-functor 

v°° : THv 2 (z)S TYan4.(X,T) 

induced by (tra, tt, triv, t) i — >■ tra, i.e. by forgetting the chosen triviahzation. In order to 
prove that v°° is an equivalence we have to make a slight assumption on the 2-functor i. 
We call a 2-functor i : Gr — 5- T full and faithful, if it induces an equivalence on Horn- 
categories. In particular, i is full and faithful if it is an equivalence of 2-categories, which 
is the case in all examples we are going to discuss. 

Lemma 3.9. Under the assumption that the 2-functor i is full and faithful, the 2-functor 
v°° is an equivalence of 2-categories. 

Proof. It is clear that an inverse functor w°° picks a given transport 2-functor and 
chooses a smooth local triviahzation for some surjective submersion tt : Y — s- M . It follows 
immediately that v 00 o w°° = id. It remains to construct a pseudonatural equivalence 
id = w°° o v°°, i.e. a 1-isomorphism 

A : (tra, tt, triv, t) — >■ (tra, tt , triv', t') 

in Triv 2 (i)^, where the original 7r-local triviahzation (triv,t) has been forgotten and re- 
placed by a new 7r'-local triviahzation (triv',t'). But since the 1-morphisms in Triv 2 (i)^ 
are just pseudonatural transformation between the 2-functors ignoring the trivializations, 
we only have to prove that the identity pseudonatural transformation 

A := id tra : tra — tra 

of a transport 2-functor tra has smooth descent data (h, e) with respect to any two trivial- 
izations (7r,triv,t) and (tt' , triv', t'). 

The first step is to choose a refinement ( : Z — ^ Y Xm Y' of the common refinement 
of the to surjective submersions. One can choose Z such that is has contractible connected 
components. If c : Z X [0, 1] — *» Z is such a contraction, it defines for each point z € Z 
a path c z : z — >■ Zk that moves z to the distinguished point Zk to which the component 
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of Z that contains z is contracted. It further defines for each path 7 : z\ — > Z2 a bigon 

,-1 

h := t o t : trivj — *- triv' 



c 7 : 7 => c^ 1 o c 21 . Axiom (T2) for the pseudonatural transformation 



applied to the bigon c 7 yields the commutative diagram 

h(z 2 ) o trivj(7) > triv^) o h(zi] 



idotrivj(c 7 ) 



triv^(c 7 )oid 



h{z 2 ) o triViCc^ 1 o c Zl ) => triv^c^ 1 o c 2l ) o 

ft(c Z2 oc zl ) 

Notice that the 1-morphisms h(zj) : trivj(zj) — 9- triv^(zj) have by assumption preimages 
Kj : triv(zj) — >■ triv'(zj) under i in Gr, and that the 2-morphism h{c~^ o c zi ) also has a 
preimage V in Gr. Thus, 

^(7) = * ((triv'(c 7 ) o id) -1 • T • (id o triv(c 7 ))) . 

This is nothing but the Wilson line W^j!?' Al of the functor ^(h) and it is smooth since triv 
and triv' are smooth 2-functors. Hence, by Theorem 3.12 in [SW07] , ^{K) is a transport 
functor with AGr-structure. 

It remains to prove that the modification e : ir\h o g => g' o ir\h induces a mor- 
phism i^(e) of transport functors. This simply follows from the general fact that under 
the assumption that the functor i : Gr — >■ T is full, every natural transformation 77 
between transport functors with Gr-structure is a morphism of transport functors. We 
have not shown this in [SWOT] but it can easily be deduced from the naturality con- 
ditions on trivializations t and t' and on 77, evaluated for paths with a fixed starting point. □ 

The final consequence of the latter lemma is the following important result on transport 
2-functors. 

Theorem 3.10. Let M be a smooth manifold, and let i : Gr — *- T be a full and faithful 
2-functor. There is a canonical equivalence 

Tran St4r (M,T) 2)es 2 (i)$g 

between the 2-category of globally defined transport 2-functors on M and the 2-category of 
smooth descent data. 

In the following we introduce several features of transport 2-functors, which make con- 
tact between the abstract setting and some more concrete notions. 
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Operations on Transport 2-Functors. It is straightforward to see that transport 2- 
functors allow a list of natural operations. 

1. Pullbacks: Let / : M — >~ N be a smooth map. The pullback /*tra of any transport 
2-functor on N is a transport 2-functor on M. 

2. Tensor products: Let <S> : TxT — >■ T be a monoidal structure on a 2-category T. For 
transport 2-functors trai,tra2 : V2{M) — *- T with Gr-structure, the pointwise tensor 
product trai (g> tra2 : V2(M) — s- T is again a transport 2-functor with Gr-structure, 
and makes the 2-category TransQ r (M, T) a monoidal 2-category. 

3. Change of the target 2-category: Let T and T' be two target 2-categories equipped 
with 2-functors i : Gr — >- T and il : Gr — *- T' , and let F : T — *- T' be a 2-functor 
together with a pseudonatural equivalence 

p : F o i — s- i . 

If tra : ^(M) — >■ T is a transport 2-functor with Gr-structure, F o tra is also a 
transport 2-functor with Gr-structure. In particular, this is the case for i' := F o i 
and p = id. 

4. Change of the structure 2-groupoid: Let tra : V2(M) — 9- T be a transport 2-functor 
with Gr-structure, for a 2-functor i : Gr — >■ T which is a composition 

F i' 

Gr — ^ Gr' T 

in which F is a smooth 2-functor. Then, tra is also a transport 2-functor with 
Gr'-structure, since for any local i-trivialization (triv, t) of tra we have a local i'- 
trivialization (F o triv, t). Conversely, if tra' : T J 2{M) — 5- T is a transport 2-functor 
with Gr'-structure, it is not necessarily a transport 2-functor with Gr-structure. 

Structure Lie 2-Groups. As we have described in Section 13.11 a Lie 2-group & gives 
rise to a Lie 2-groupoid £>(3, and hence to important examples of structure 2-groupoids. 
Transport 2-functors with i3C5-structure play the role of gerbes with connection, as Section 
HJwill prove. The Lie 2-group (5 is the structure 2-group of these gerbes. In the following 
we list important examples of such structure 2-groups. 

(a) Let A be an abelian Lie group. A smooth crossed module is defined by G = {1} 
and H := A. This fixes the maps to t(a) := 1 and a(l,a) := a. Notice that axiom 
b) is only satisfied because A is abelian. The associated Lie 2-group is denoted 
by BA. Transport 2-functors with ,8£L4-structure play the role of abelian gerbes with 
connection, see Section [421 
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(b) Let G be any Lie group. A smooth crossed module is denned by H := G, t = id 
and a(g,h) := ghg~ l . The associated Lie 2-group is denoted by EG. This notation 
is devoted to the fact that the geometric realization of the nerve of the category EG 
yields the universal G-bundle EG. Transport 2-functors with BEG-structuie arise as 
the curvature of transport 1-functors, see Section T3.41 

(c) Let H be a connected Lie group, so that the group of Lie group automorphisms 
of H is again a Lie group G := Aut(ff). The definitions t(h)(x) := hxh' 1 and 
a((p,h) := <p(h) yield a smooth crossed module whose associated Lie 2-group © is 
denoted by AUT(iT), Transport 2-functors with £>AUT(-ff)-structure play the role 
non-abelian gerbes with connection, see Section [4,31 



(d) Let 



t p 
1 »- N *H >- G 



be an exact sequence of Lie groups denoted by < Jl. There is a canonical action a of H 
on N defined by requiring 

t(a(h,n)) = ht{n)h~ . 

This defines a smooth crossed module, whose associated Lie 2-group we also denote 
91. Transport 2-functors with i^-structure correspond to (non-abelian) lifting gerbes. 
They generalize the abelian lifting gerbes |Bry93 [Mur96] for central extensions to 



arbitrary short exact sequences of Lie groups. 

Transgression to Loop Spaces. Let us briefly indicate that transport 2-functors on a 
smooth manifold M induce tautologically structure on the loop space LM. This comes 
from the fact that there is a canonical diffeological functor 

£ : Vi{LM) AV 2 (M) 

expressing the fact that a point in LM is just a particular path in M, and that a path in 
LM is just a particular bigon in M [SW08]. The composition of £ with 

Atra : AV 2 (M) ->- A tra T 

yields a functor 

Tgr(tra) := Atra o £ : V\{LM) A tra T 

that we call the transgression o/tra to the loop space. In order to cut the discussion of the 
functor Tgr(tra) short we make two simplifying assumptions: 

1. We assume that there exists a surjective submersion tt : Y — >■ M for which tra 
admits smooth local trivializations and for which Lit : LY — *- LM is also a surjective 
submersion. 
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2. We assume that the target 2-category T is strict, so that AT is the target category 
of the functor Tgr(tra). 



We also restrict the following consideration to the based loop space $7 p M, for p £ M 
any point, and identify Tgr(tra) with its pullback along the embedding t p : Q p M — >■ LM. 

Proposition 3.11. Let tra : V2(M) — T be a transport 2-functor with Gr-structure such 
that the two simplifying assumptions above are satisfied. Then, 

Tgr(tra) : Vi(n p M) AT 

is a transport functor with AGr- structure. 

Proof. Let t : 7r*tra — >■ trivj be a 7r-local z-trivialization of tra for tt a surjective 
submersion satisfying the simplifying assumption. A local trivialization t of Tgr(tra) is 
given by 

P 1 (LY)^^V 1 (LM) 



AV 2 (Y) — AV 2 {M) 



Atriv 



Atra 



AGr -. — »» AT 

hi 

in which the upper subdiagram is commutative on the nose. If g : vr^trivj — s- vr^trivj is 
the pseudonatural transformation in the smooth descent object Ex 7r (tra, t, triv), and g is 
the natural transformation in the descent object Ex 7r (Tgr(tra), t, i* Atriv) associated to the 
above trivialization, we find 

9 = tkg. 

Since ^(g) is a transport 2-functor with AGr-structure, it has smooth Wilson lines 
[SWOTjj: for a fixed point a € there exists a smooth natural transformation 

g' : ix\t* Atriv — s- Atriv with g = i(g'). This shows that g factors through a smooth 
natural transformation £*Ag' , so that Tgr(tra) is a transport functor. □ 



With a view to the equivalence of Theorem 13.11 between transport functors and fibre 
bundles with connection, this means that transport 2-functors on a manifold M naturally 
induce fibre bundles with connection on the loop space LM. In general, these are so- 
called groupoid bundles [MM03, SW07j with connection, whose structure groupoid is AGr. 
However, in the abelian case, i.e. Gr = BBA for an abelian Lie group A, we find AGr = BA 
(see Lemma |47] below), so that the transgression Tgr(tra) is a principal ^4-bundle with 
connection over fLM. 
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Curvature Forms. Suppose tra : V^{M) — >■ T is a transport 2-functor with B(5- 
structure, for some Lie 2-group coming from a smooth crossed module (G, H, t, a). Since 
such 2-functors play the role of gerbes with connection, one wants to assign a 3-form cur- 
vature to tra. Since we also capture non-abelian gerbes, it is not to be expected that the 
curvature will be a globally defined 3-form on the base manifold M. 

However, since transport 2-functors have a manifest local behaviour, it is easy to produce 
a locally defined 3-form. Let ir : Y — s- M be a surjective submersion, and let (triv, t) be 
a 7r-local trivialization associated to which we find a smooth descent object. In particular, 
we have a smooth 2-functor 

triv : V 2 (Y) ->■ B<8, 

which corresponds according to Theorem 13.51 to a pair (A, B) of a 1-form A 6 Jl 1 (y, g) and 
a 2-form B £ Q 2 (Y, h), for q and f) the Lie algebras of G and H 1 respectively. The curvature 
of tra is now defined (see Remark A. 12 in |SW08| ) to be the 3-form 

curv(tra) = dB + a*(A A B) € n 3 (Y, h). (3.10) 

We recall that we proposed to call a 2-functor tra : V2(M) — *» T flat if it factors through 
the projection T>2(M) — >• D^Af) of thin homotopy classes of bigons to homotopy classes. 
Now we obtain 

Proposition 3.12. Suppose that the 2-functor i : B& — ^ T is injective on 2-morphisms. 
A transport 2-functor tra : V2(M) — *- T with B<3 -structure is flat if and only if its lo- 
cal curvature 3-form curv(tra) € i7 3 (y, h) with respect to any smooth local trivialization 
vanishes. 

Proof. We proceed in two parts, (a): curv(tra) vanishes if and only if triv is a flat 
2-functor, and (b): tra is flat if and only if triv is flat. The claim (a) follows from Lemma 
A. 11 in [SW08| . To see (b) consider two bigons Ei : 7 => 7' and S2 : 7 => 7' in Y which 
are smoothly homotopic so that they define the same element in U2(Y). Suppose tra is flat 
and let £ := S2 1 • Ex. Axiom (T2) for the trivialization t is then 

t(y) o 7r*tra(7) => trivj(7) o t(x) 



id t ( y )07r*tra(E) 



trivi(E)oid t(a .) 



t(y) o vr*tra(7) > triv, (7) o t(x) 

and since 7r*tra(E) = id by assumption it follows that trivj(E) = id, i.e. triv is flat. 
Conversely, assume that triv is flat. The latter diagram shows that tra is then flat on 
all bigons in the image of 7r*. This is actually enough: let h : [0,1] 3 — *- M be a smooth 
homotopy between two bigons Ei and £2 which are not in the image of 7r*. Like explained 
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in Appendix A. 3 of [SW08] the cube [0, l] 3 can be decomposed into small cubes such 
that h restricts to smooth homotopies between small bigons that bound these cubes. The 
decomposition can be chosen so small that each of these bigons is contained in the image 
of 7T#, so that tra assigns the same value to the source and the target bigon of each small 
cube. By 2-functorality of tra, this infers tra(Ei) = tra(S2). □ 

We hence see that the two notions of flatness, namely the one given on the level of 
2-functors, and the one given on the level of differential forms, coincide. It is, however, 
clear that the first notion is much more general: it makes sense for structure Lie 2-groupoid 
Gr which are not of the form Gr = £>©, and even for any 2-functor defined on the path 2- 
groupoid of a smooth manifold M, without putting smoothness conditions on the 2-functor 
itself. 

3.4 An Example: Curvature 2-Functors 

If P is a principal G-bundle with connection uo over M, one can compare the parallel 
transport maps along two paths 71,72 : x — *- y, 

T ~i 

Px Pyt 

by an automorphism of P y , namely the holonomy around the loop 72 o 7^" , 

r 72 = Holy (72 7]" 1 ) r 7i- 

If the paths 71 and 72 are the source and the target of a bigon £ : 71 => 72, this holonomy 
is immediately related to the curvature of V. So, a principal G-bundle with connection 
does not only assign fibres P x to points x € M and parallel transport maps 77 to paths, it 
also assigns a curvature-related quantity to bigons S. 

Under the equivalence between principal G-bundles with connection and transport func- 
tors on X with £?G-structure (Theorem I3.2p . the principal bundle (P,uj) corresponds to the 
transport functor 

trap : V\{M) G-Tor 

that assigns the fibres P x to points x € M and the parallel transport maps r 7 to paths 7. 
Adding an assignment for bigons is supposed to yields a „curvature 2-functor" 

if (trap) : V 2 {M) ->- G^Tbr 

where G-Tor is the category G-Tor regarded as a strict 2-category with a unique 2-morphism 
between each pair of 1-morphisms. The uniqueness of the 2-morphisms expresses the fact 
that the curvature is already determined by the parallel transport. 
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The goal of this section is to define a curvature 2-functor associated to any transport 
functor, and to prove that these are transport 2-functors. This procedure is able to capture 
the curvature of connections on principal bundles, but is in principle more general. 

We start with a given transport functor tra : V\(M) — *- T with £>G-structure for some 
Lie group G and some functor i : BG — T. We recall from |SW07j that this means that 
there exists a surjective submersion tt : Y — >■ M, a functor triv : V\(Y) — >■ BG and a 
natural equivalence 

t : 7r*tra — trivj 

such that its descent data is smooth: the functor triv is smooth, and the natural 
transformation g : 7r|trivj — 5- Tr^trivj factors through a smooth natural transformation 
g : vrjtriv — s- 7r|triv, i.e. g(a) = i(g(a)) for every a € Y^. 

The curvature 2-functor associated to tra is the strict 2-functor 

K(tra) : P 2 (M) -»■ f 

which does on objects and 1-morphisms the same as tra and is on 2-morphisms determined 
by the fact that T has a only one 2-morphism between each pair of 1-morphisms. In the 
same way, we obtain a strict 2-functor 

K(i) : BG f 

which sends the unique 2-morphisms on the left hand side to the unique ones on the right. 
We observe that the Lie 2-groupoids BG and BEG are canonically isomorphic under the 
assignment 

91 

* 92S1 *. 
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Now we can check that 

Lemma 3.13. The curvature 2-functor if (tra) is a transport 2-functor with BEG -structure. 

Proof. We construct a local trivialization of If (tra) starting with a local trivial- 
ization (triv, t) of tra with respect to some surjective submersion ir : Y — s- M. Let 
dtriv : T'2(Y) — >■ BEG be the derivative 2-functor associated to triv [SW08J: on objects 
and 1-morphisms it is given by triv, and it sends every bigon S : 71 => 72 in Y to the 
unique 2-morphism in BEG between the images of 71 and 72 under triv. A pseudonatural 
equivalence 

K(t) : tt*K (tra) -»» K{i) o dtriv 
is defined as follows. Its component at a point a G Y is the 1-morphism 

K{t)(a) := t(a) : tra(vr(a)) — >- 
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in T. Its component £(7) at a path 7 : a — >■ b is the unique 2-morphism in T . Notice that 
since t is a natural transformation, we have a commutative diagram 



tra(7r(a)) ^ ^> tra(-7r(6)) 



t[a) 
*(*) 



trivi(7) 



t(6) 
■»(*) 



meaning that 4(7) = id. This defines the pseudonatural transformation t as required. 

Now we assume that the descent data (triv, gt) associated to the local trivialization 
(triv, t) is smooth, and show that then also the descent object (dtvrv, g K u^,tp, f) is smooth. 
As observed in [SWQ8] , the derivative 2-functor dtriv is smooth if and only if triv is smooth. 
To extract the remaining descent data according to the procedure described in Section [L3l 
we have to choose a weak inverse K (t) of the trivialization t(K). It is clear that for t _1 the 
natural transformation inverse to t, K(t) := K(t~ l ) is even a strict inverse. This means 
that the 2-isomorphisms it and jt are identities, and in turn, the modifications ip and / are 
identities. The only non-trivial descent datum is the pseudonatural transformation 

9K(t) ■ 7Tidtriv x(i) Trldtriv^^). 

Its component at a point a 6 is given by gK(t)( a ) := 9t(&), and its component at some 
path G : a — e- a' is again the identity. 
The last step is to show that 

&(9k®) ■ 7M^ [2] ) — A K(i)T 

is a transport functor with A£>£G-structure. To do so we have to find a local trivialization 
with smooth descent data. This is here particulary simple: the functor ^(gK(t)) is globally 
trivial in the sense that it factors through the functor 

AK(i) : AB£G A K(i) f. 

To see this we use the smoothness condition on the natural transformation gt, namely that 
it factors through a smooth natural transformation g t . We obtain a smooth pseudonatural 
transformation gic(t) '■ 7r*dtriv — *» vr^dtriv such that gx(t) = K{i){9K(t))- This finally gives 
us 

meaning that <^(gK(t)) 1S a transport functor with ABE G-structure. □ 

We have now obtained a first example of a transport 2-functor. In terms of gerbes, it 
is a non-abelian gerbe with structure 2-group BE G, and is hence neither equivalent to an 
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abelian or non-abelian bundle gerbe nor to a Breen-Messing gerbe. In the remainder of this 
section we collect some properties of curvature 2-functors. 

Since the value of the curvature 2-functor K(tr&) on bigons does not depend on the 
bigon itself but only on its source and target path, it is in particular independent of the 
thin homotopy classes of the bigon. Hence, 

Proposition 3.14. The curvature 2-functor K (tra) associated to any transport functor is 
flat. 

This proposition gains a very nice interpretation when we relate the curvature of a 
connection w in a principal G-bundle p : P — *- M to the curvature 2-functor if (trap) 
associated to the corresponding transport functor trap. We identify the curvature of u 
with a 2-form curv(a;) € Q 2 (P,g). 

Lemma 3.15. The curvature 2-functor If(trap) : Vi{M) — >~ G-Tor has a canonical 
smooth p-local trivializations (p, i,triv). If B £ U 2 (P,q) is the 2-form associated to triv 
by Theorem HO} 

B = curv(o;). 

Proof. As described in detail in Section 5.1 of |S W07j . trap admits local trivializations 
with respect to the surjective submersion p : P — >■ M and with smooth descent data 
(triv',g) such that the connection 1-form uj £ £l l {P, g) of the bundle P corresponds to the 
smooth functor triv' : V\[P) — >■ BG under the bijection of Theorem 13.21 Then, by Lemma 
3.5 in |SW08| . the 2-form B' associated to dtriv' is given by 

B' = c\uj + [u Au], 

This is indeed the curvature of the connection to. □ 



The announced interpretation of Proposition 13. 141 is now as follows: using Lemma f3. 151 
one can now calculate the 3-form curvature (|3.10p cmv(K (trap)) of the curvature 2-functor 
of trap. The calculation involves the second Bianchi identity for the connection u on the 
principal G-bundle P, and the result is 

curv(iT(trap)) = 0, 

which is according to Proposition 13.121 an independent proof of Proposition 13.141 In other 
words, Proposition 13.141 is equivalent to the second Bianchi identity for connections on fibre 
bundles. 

In case that G is an abelian Lie group A the situation is simplified by the fact that 
there exists a canonical smooth 2-functor pr^ : BE A — >■ BBA given by 

V^A '■ * 929 1 * I—*- * 929 1 * 
92 
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The composition of pr^ with K (i) yields a 2-functor BBA — s- T. We leave it to the reader 
to prove the following lemma. 

Lemma 3.16. //tra : V\{M) — *■ T is a transport functor with B A- structure, the curvature 
2-functor K{tr&) is a globally trivial transport 2-functor with BBA- structure. 

As a consequence, if P is a principal ^4-bundle over M with connection u, its curva- 
ture curv(o>) G S7 2 (M, a) is precisely the 2-form which corresponds to K(ti&p) under the 
bijection of Theorem 13,51 

4 Relation to Gerbes with Connection 

We have now developed the general theory of transport 2-functors. In this section, we 
reduce it to special cases by picking particular target 2-categories T, structure 2-groups <5 
and appropriate 2-functors 

i : B<8 — *■ T. 

We claim that every reasonable concept of a ,,2-bundle with connection" can be obtained 
like this. We provide proofs of this claim for differential cocycles arising from Breen-Messing 
gerbes [BM05] in Section |4~T1 for abelian bundle gerbes |Mur96j in Section l4~2l and for non- 
abelian bundle gerbes [ACJ05| in Section 14.31 Section 14.41 contains an outlook on further 
relations between transport 2-functors and 2-bundles with connection, in particular string 
2-bundles. 

4.1 Differential non-abelian Cohomology 

Let be a Lie 2-group. In this section we consider transport 2-functors 

tra : V 2 (M) Be (4.1) 

with ^©-structure, for i := idg© : £>© — »- B& the identity 2-functor. Notice that such 
transport 2-functors can be produced from a transport 2-functor tra with ^©-structure and 
target 2-category T, whenever the 2-functor i : B<5 — >■ T is an equivalence of 2-categories. 
This is the case in all examples that appear in this article. Then, for F : T — >■ B& a weak 
inverse to i, the 2-functor F o tra is a transport 2-functor (|4.ip according to Section I3~3l 

In this section we prove that the descent 2-category Dts^ (idg©) 00 can be replaced 
by a 2-category of degree two differential (5- cocycles, whenever the surjective submersion 
7r : Y — s- M is two-contractible: both Y and the two-fold fibre product Y^ have con- 
tractible connected components. For example, any good open cover of M defines such a 
two-contractible surjective submersion. The differential cocycles we want to substitute for 
the descent data are very concrete objects: they consist solely of ordinary smooth functions 
and differential forms defined on Y an fibre products of Y. One might thus consider dif- 
ferential cocycles as „local data" of transport 2-functors. Degree two differential 0-cocycles 
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have first been considered in [BS07]. We will here retrieve their definition in a systematical 
way. In order to convert descent data into such smooth functions and differential forms, we 
use the 2-functor T> from (13,5(1 . 

V : Funct^CPsPO,^©) Z|(<3)°° , 



which is an isomorphism of 2-categories, see Theorem! 

Let us start with a smooth descent object (triv, go, if>o, /o). It contains a smooth 2- 
functor triv : — »" and a pseudonatural transformation 

go : 7r*trivj vr^trivj 

whose associated functor ^(go) is a transport functor over the contractible space yra By 
Corollary 3.13 in [SW07] we can hence assume that go is equivalent to a smooth pseudona- 
tural transformation g^ : 7r^triv — s- vr^triv. Similarly, the modifications ipo and fo induce 
smooth modifications •i/'oo and /oo. Now we apply the 2-functor T> to all this structure and 
obtain 

(a) an object (A,B) := D(triv) in ^y((S)°°, i.e. differential forms A G n 1 (Y',fl) and 



B € Q 2 (Y, h) satisfying relation (pHI 

(b) a 1-morphism 

07, <p) := V( 9oo ) : nt{A, B) — vr 2 *(A, B) 

in 2* ^(G) 00 , i.e. a smooth function 5 : KM G and a 1-form ip G ^(yP^h) 
satisfying the relations (13.21) and (13 . 3[) . 

(c) a 2-morphism 

/ := ^(/oo) : ^23(5, <p) Tr* 12 (g, <f) => n$ 3 (g, <p) 
in Zy [3 j(0)°° and a 2-morphism 

ip := £>(V>oo) : id(A,B) A* (5,^) 

in Zy(©)°°; these are smooth functions / : y® — >■ H and V : ^ — >■ H satisfying 
relations (13.41). 



Furthermore, the two conditions (II. lj) and (11.21) on descent objects translate into corre- 
sponding conditions, which are, expressed by pasting diagrams 



7T* 2 (A,B) 



7T* 3 (A,B) 



7T*(A,B) 



T*2(ff>V) 



""123/ 



jrI(A,fl) 



*l4(s>V>) 



"i2(ff>v) 



J 4 / 



^234/ 



^34(9^) 



T*4(S>V) 
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and 



7T* 2 (A,B) 



7Tt(A,B) 



*1 



1 




id 



\ & 
^22(9^) 

2/ \ 

7T* 2 (A,B) 



id 




^ / 



The collection (a), (b), (c) satisfying these two relations is called a differential <5-cocycle 
in degree two. Notice that the diagrams above still involve the composition laws of the 
2-categories Z^ [4 ](©)°° and Zy [2] (&)°°, respectively. We will write out all relations in a 
second step on the next page. 

First we proceed similarly with a descent 1-morphism. The result is a 1-morphism 
between differential <5-cocycles in degree two: a 1-morphism 

in Zy(<5)°°, i.e. a smooth function h : Y — >■ G and a 1-form € fi^Y, h) satisfying 
relations (13.21) and (13.31) . and a 2-morphism 

e : K* 2 (h,4>) o (g,ip) => (5, o tt* (/i, 0) 

in Z^ [2] (0) o °, i.e. a smooth function e : Y^ — ■*- # satisfying (|3.4p . Conditions ([0]) and 
(|1.4p for descent 1-morphisms result in the identities 



id 




(A,B) 



id 



(M) 



id, 



(A -B) 

(M) 



(M) 



(A, S')— |— 



A*(ffV) 



and 



7T*(A,B) 



4(A,B) 

7T|(h,(/)) 



*i (A -B) »- ^5 (A, B) ^ tt| (A, S) 



TT^{h,< 



irUA', B') > ttZ(A', B' 




7^13 (flW) 
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Finally, a descent 2-morphism induces a 2-morphism E : (h, <f>) => (h! ', 4>') in Zy(©)°°, i.e. 
a smooth function E : Y — >■ H that satisfies (|3.4jl . and condition (|1.5p infers 



Trt(A,B)-^lir* 2 (A,B) 



nUA',B') — *itZ(A',B') 



nUA'B') — *ttUA',B' 



It is clear that differential cocycles together with their 1-morphisms and 2-morphisms 
form a 2-category, which we denote by Z%((5)°°, the 2-category of degree two differential 
<5-cocycles. It is also clear that the 2-functor V induces a strict 2-functor between the 
descent 2-category and this 2-category. Since V is strictly invertible by Theorem 13.51 we 
have even more 

Proposition 4.1. Let & be a Lie 2-group and let ir : Y — *- M be a two-contractible 
surjective submersion. Then, the 2-functor T> induces an isomorphism of 2-categories 

De S 2 (id Be )°°-Z 2 (©r. 

The 2-category Z%(&)°° of degree two differential (5-cocycles can, however, be consid- 
ered for an arbitrary surjective submersion. As mentioned above, it plays the role of local 
data of transport 2-functors. To make this more transparent, let us now write out differ- 
ential cocycles in terms of smooth functions and differential forms which are implicit in 
the categories Zy [k] (6)°° appearing above. Let us additionally assume that the surjective 
submersion tt comes from an open cover 53 of M, in which case we write 

A differential (5-cocycle in degree two ((A, B), (g,ip),ip, f) has the following smooth 
functions and differential forms: 

(a) On every open set V,, 

il>i:Vi— H , AiS&iVug) and Bi € Q?(V it t)). 

(b) On every two-fold intersection VidVj, 

gij : Vi Vj G and ipy G O 1 ^ n Vj, h). 

(c) On every three- fold intersection V fl Vj fl Vje, 

f ijk : Vi n Vj n v k — h. 

The cocycle conditions are the following: 
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1. Over every open set Vi, 



dAi + lAiAAi] = t m (Bi) (4.2) 
9ii = t(ipi) 

2. Over every two-fold intersection Vi fl Vj, 

Aj = Ad gi .(A i )-g* ij 9-U(( Pij ) 
B i = ( a g i3 )*( B i) ~ a*(Aj A ifij) - d<fij - [<fij A ipij] 
1 fijjtpj fiijOLgijVpi)- 

3. Over every three-fold intersection Vi fl Vj fl 

ffifc = t(fijk)gjk9ij 
Ad fi . k (ip ik ) = {a 9jk )*{<Pij) + f jk + (rj^ k o a^.J^Afc) + 

4. Over every four-fold intersection Vj n V} fl Vfc fl VJ, 

fikl&(gkh fijk) = fijlfjkl- 

Additionally, the curvature of the differential cocycle is according to (| 3 . 1 II given by 

Hi := dBi + a*{Ai A B t ) £ n 3 (V, f>). 

We remark that particular examples of differential cocycles, namely those with tpi = 1, 
(fij = and fijk = 1 have been considered in |MP07| as categorical connections on ordinary 
principle G-bundles whose classifying cocycle is given by gij. 

A 1-morphism ((h,e),(j>) between differential cocycles has the following structure: 

(a) On every open set Vi, 

h : Vi —>■ G and ^ G ^(V, 

(b) On every two-fold intersection Vi D Vj, 

<, ; : V5 n I) — //. 

The following conditions have to be satisfied: 
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1. Over every open set Vi, 

B[ = (a hi )*(Bi) - a* (A- A fa) - dfa - [fa A fa] (4.3) 
Al = M hi (A % )-U(fa)-h*6 
ip- = eiia{hi,^i). 

2. Over every two-fold intersection ViHVj, 

9ij = )/',//,,/', ' 

<p'ij = Adey ((a fcj .),(¥?ij) + <f>j) - {a g Q*{(t>i) - (r^ 1 o a^.)*^) - 4/ 

3. Over every three-fold intersection Vi DVj CiVk, 

fijk = tika{h k J ijk )a{g' ik ,e-J-)e-£. 

Finally, a 2-morphism E between differential cocycles has, for any open set Vi, a smooth 
function Ei : Vi — > H such that on every open set Vi 

h'i = t(Ei)h t 

fa = Ad Ei (fa)-(r-loa Ei UA')-E*6 
and, on every 2-fold intersection VidVj, 

Remark 4.2. The structure and the relations listed above are direct consequences of the 
structure and axioms of 2-functors, pseudonatural transformations and modifications; nei- 
ther choices nor additional assumptions had to be made. 

Summarizing, we may have started with a transport 2-functor tra : Vi{M) — T 
with £> ©-structure, and i : £>0 — >■ T an equivalence of 2-categories. With the choice 
of a weak inverse 2-functor F : T — *- B<5, we have formed the associated 2-functor 
F o tra :V2(M) — >■ £>0 with ,B(3-structure. For a good open cover, and tt : Y — >■ M 
the associated 2-contractible surjective submersion, it defines a smooth descent object in 
Ses^idg^) 00 , and in turn, via the 2-functor T>, a degree two differential 6-cocycle in 
^^,((25)°°. This differential cocycle consists of smooth functions and differential forms, 
yielding local data for the transport 2-functor tra. 

In order to relate differential 6-cocycles to the cohomology of the underlying manifold 
M we consider the set of isomorphism classes of differential (5-cocycles, i.e. the set of 
objects in Z^{p)°° subject to the equivalence relation according to which two elements are 
equivalent if and only if there exists a 1-morphism between them. We remark that every 
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differential (5-cocycle is equivalent to a differential (S-cocycle with trivial formalization 
function" ipi, i.e. tpi = 1 for all z. We denote the set of equivalence classes of differential 
0-cocycles by F 2 (2J,0). 

We make the following observation. If one drops all differential forms from the above 
data and only keeps the smooth functions, the set i? 2 (53, (5) coincides with the non-abelian 
cohomology i/ 2 (5J, 0), as it appears for instance in |Gir711 IBreQ41 IBar041 IWoc08j . This 
justifies the following 

Definition 4.3. The set i? 2 (53, 0) of isomorphism classes of degree two differential ©- 
cocycles is called the degree two differential non-abelian cohomology of the cover 5J with 
values in the Lie 2-group 0. The direct limit 

H 2 (M,&) := limF 2 (2J,(S) 

so 

is called the degree two differential non-abelian cohomology of M with values in ©. 

Combining Proposition 14.11 with Theorem 13.101 we obtain 

Theorem 4.4. Let i : B<5 — 5- T be an equivalence of 2-categories. Then, isomorphism 
classes of transport 2- functors tra : V2(M) — *- T with B<8 -structure are in bisection with 
the differential non-abelian cohomology H 2 (M,<5). 

Let us specify two particular examples of differential non-abelian cohomology which 
have been treated in the literature: 

1. The Lie 2-group © = BS 1 . We leave it as an easy exercise to the reader to check that 
our differential non-abelian cohomology is precisely degree two Deligne cohomology, 

H 2 {M,BS l ) = H 2 {M,V(2)). 

Deligne cohomology |Bry93| is one of the well-known local description of abelian 
gerbes with connection, which hence appears as a particular case of local data for 
transport 2-functors. 

2. The Lie 2-group = AUT(.ff') for H some ordinary Lie group H. We also leave 
it to the reader to check our differential cocycles corresponds precisely to the local 
description of connections in non-abelian gerbes given by Breen and Messing |BM05j 
(see Remark 14.51 below). Furthermore, the existence of 1-morphisms between dif- 
ferential cocycles corresponds precisely to the equivalence relation used in |BM05| . 
Summarizing, we have an equality 

- 2 I Equivalence classes of local data I 

H (M,AUT(iT)) = <^ of Breen-Messing iJ-gerbes ) 
\ with connection over M ) 

Hence, also Breen-Messing gerbes with connection appear as a particular case of 
transport 2-functors. 
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Remark 4.5. This remark concerns the condition (|4.2p between the 1-form A and the 
2-form B which are part of our differential (25-cocycles. It is present neither in the Breen- 
Messing gerbes |BM05| nor in the approach by Aschieri, Cantini and Jurco [ACJ05] using 
non-abelian bundle gerbes |ACJ05j . which is discussed in Section I4~3l Breen and Messing 
call the local 2-form 

U{Bi)-dAi - [Ai A Aj\ 

which is here zero by (14. 2j) , the fake curvature of the gerbe. In this terminology, transport 
2-functors only cover Breen-Messing gerbes with vanishing fake curvature. 

The crucial point is here that neither for the Breen-Messing gerbes nor for the non- 
abelian bundle gerbes reasonable notions of holonomy or parallel transport are known, while 
transport 2-functors have such notions, as we will demonstrate in Section [5j And indeed, 
equation (|4.2p comes from an important consistency condition on this parallel transport, 
namely from the target-source matching condition for the transport 2-functor, which makes 
it possible to decompose parallel transport in pieces. So we understand equation (|4.2p as an 
integrability condition which has necessarily to be satisfied if parallel transport is supposed 
to work. This is affirmed by Martins-Picken categorical connections |MP07j . for which 
parallel transport plays an important role and where equation (14.21) is also present. 

4.2 Abelian Bundle Gerbes with Connection 

In this section we consider the target 2-category T = B(S 1 -Toi), the monoidal category of 
S^-torsors viewed as a 2-category with a single object like in Example IA.2L Associated to 
this 2-category is the 2-functor igi : BBS 1 — >~ ^(5 1 -Tor) that sends the single 1-morphism 
of BBS 1 to the circle - viewed as an S^-torsor over itself. Now we consider transport 
2-functors 

tra : V 2 (M) BiS 1 -Tor) 

with ySSS^-structure. For any surjective submersion 7r : Y — *- M we relate the associated 
descent 2-category 2)es^(isi)°° to a 2-category <B0tb v ("7r) of S^-bundle gerbes with connec- 
tion over M. Let us recall the definition of these bundle gerbes following |Mur96l IMSOOJ. 

1. A bundle gerbe with connection (B, L,u>, fi) is a 2-form B G £l 2 (Y), a circle bundle 
L with connection u over of curvature curv(u) = tt^B — 7r|S, and an associative 
isomorphism 

/X : 7T2 3 L <g) -K* l2 L 7Ti 3 L 

of circle bundles over Y^ that respects connections. 

2. A bundle gerbe 1-morphism (B, L,uj, fi) — >■ {B' , L' , u' ', //) , also known as stable iso- 
morphism, is a circle bundle A with connection <f over Y of curvature curv(?) = B — B' 
together with an isomorphism 

a : tx\A % L — >■ L' ® irlA 
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of circle bundles that respects the connections, such that the diagram 



7^3 A (g) VT23-L <g ^12^ ■ 



TT^V <g 7T2 A <g L 



7r| 3 L' <g> 7r^ 2 L' <g 7r|A ■ 



ir^A (g) 7r^ 3 L 



//(g>id 



TT^L' <g) 7T^ 



(4.4) 



of isomorphisms of circle bundles over y' 3 ' is commutative. 

3. A bundle gerbe 2-morphism (^4, a) => (A',^',a') is an isomorphism ip : A 
of circle bundles over Y that respects the connections, such that the diagram 



A' 



Tin A <g L ■ 



7T* 2 A>- 



L 



V <g ix\A 



L' (g k\A' 



(4.5) 



of isomorphisms of circle bundles over is commutative. 

What we have described here is a simplified version of the full 2-category 250tb v (M) of 
5 1 -bundle gerbes with connection over M, in which every bundle gerbe has an individual 
surjective submersion, see [SteOOL IWal07| . We obtain the full 2-category back as the direct 
limit 

<B0tb v (M) := lim»©rb v (7r). 

7T 

We return later to this direct limit. In the following we show first 

Theorem 4.6. For any surjective submersion it : Y — >■ M there is a canonical surjective 
equivalence of 2-categories 

S)e4foi)°° = 53<Stb v (^). 

A 2-functor De5 2 (i s i)°° — >■ 53<Stb v (7r) realizing the claimed equivalence is defined 
in the following way. For a descent object (triv, g, ifi, /), the smooth 2-functor triv : 
V 2 (Y) BBS 1 defines by Theorem [33] a 2-form B £ tt 2 (Y), this is the first ingredi- 
ent of the bundle gerbe. The pseudonatural transformation g yields a transport functor 



&{g) -.VxiY^) — A; .tf^-Tor) 
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with ABBS 1 -stractme. Let us translate this functor into familiar language. First of all, we 
have evidently ABBS 1 = BS 1 . Second, there is a canonical equivalence of categories 

A isl B(5 1 -Tor) ^-Tor. (4.6) 

This comes from the fact that an object is in both categories an 5 1 -torsor. A morphism 
between 5 1 -torsors V and W in Aj 1 B(S 1 -Tot) is by definition a 2-morphism 




s 1 

in B(S 1 -Tot), and this is in turn an S ,1 -equivariant map 

/: W&S 1 S 1 ®V, 

It can be identified canonically with an 5' 1 -equivariant map / _1 : V — >■ W, i.e. a mor- 
phism in 5 1 -Tor. It is straightforward to see that (14. 6p is even a monoidal equivalence. In 
combination with Theorem 13^21 we have 



Lemma 4.7. For X a smooth manifold, there is a canonical surjective equivalence of mo- 
noidal categories 

<Bun£ (X) - TW bbs1 (X, A, sl S^-Tor)) 

between circle bundles with connection and transport functors with ABBS 1 -structure. 

Despite of the heavy notation, this lemma allows us to transform all the remaining 
descent data into geometrical data. First, the transport functor &{g) is a circle bundle L 
with connection u over Y^. This circle bundle will be the second ingredient of the bundle 
gerbe. 

Lemma 4.8. The curvature of the connection V on the circle bundle L satisfies 

curv(w) = n\B — n^B. 

Proof. Let U a be open sets covering and let (triv, t) be a local i^i-trivialization 
of the transport functor <^(g) consisting of smooth functors triv a : Vi(U a ) — BS 1 and 
natural transformations 

t a ■■ ^{g)\u a — »- (triv a )i 5l . 

We observe that the functors triv Q and the natural transformation t a lie in the im- 
age of the functor such that there exist smooth pseudonatural transformations p a : 
7rJtriv|[/ Q — >- -ir^ticivlua and modifications t a : g\u a Pa with 

triv a = ^(p a ) and i a = ^{t a ). 
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As found in (SW08| and reviewed in Section 13.11 of the present article, associated to the 
smooth pseudonatural transformation p a is a 1-form (p a E Q 1 (C7 a ), and equation (13. 3p infers 
in the present situation 

7r*5 — ir^B = d(p a . 

It remains to trace back the relation between <p a and the curvature of the connection u on 
circle bundle L. Namely, if A a is the 1-form corresponding to the smooth functor triv a , we 
have 

A a = ^ a and dA a = curv(o>). 
This shows the claim. □ 

Second, the modification / : n^g o tt\ 2 9 = ^ > ^isS induces an isomorphism 

of transport functors; again by Lemma l4~7l this defines an isomorphism 

of circle bundles with connection, which is the last ingredient of the bundle gerbe. The 
pentagon identity (II. 2ft infers the associativity condition on fj,. This shows that (B,L, V,//) 
is a bundle gerbe with connection. We remark that the descent datum tp has been forgotten. 

Using Lemma 14.71 in the same way as just demonstrated it is easy to assign bundle 
gerbe 1-morphisms to descent 1-morphisms and bundle gerbe 2-morphisms to descent 2- 
morphisms. Here the conditions (II. 3ft and (11.5(1 on the descent 1-morphisms translate 
one-to-one to the commutative diagrams (14. 4p and (|4.5p . Most naturally, the composition 
law of morphisms between bundle gerbes (which we have not carried out above) is precisely 
reproduced by the composition laws of the descent 2-category £)es^(isi)°°. 

It is evident that the 2-functor we just have defined is an equivalence of 2-categories, 
since all manipulations we have made are equivalences according to Lemma l4~7l and Theorem 
13.51 We only remark that the descent datum if} can be reproduced in a canonical way from 
a given bundle gerbe using the existence of dual circle bundles, see Lemma 1 in |Wal07| . 

Summarizing, bundle gerbes with connection are precisely the descent objects of trans- 
port 2-functors with i^SS 1 -structure and values in B(S 1 -Tor). This equivalence clearly 
commutes with the refinement of surjective submersions. Hence, as a consequence of The- 
orem (3TTU] we have 

Corollary 4.9. We have an equivalence 

Trans 2 BBS i(M,B{S 1 -ToT)) ^ *B©rb v (M) 

between the 2-category of transport 2-functors and the 2-category of bundle gerbes with 
connection over M. 

In the next section we proceed similarly for non-abelian bundle gerbes. 
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4.3 Non-abelian Bundle Gerbes with Connection 



The first problem one encounters when trying to generalize S -bundle gerbes to non-abelian 
//-bundle gerbes is that the category of //-torsors is not monoidal. This problem can be 
solved using //-bitorsors [BM05J. More difficult is to say what connections on such non- 
abelian bundle gerbes are. In |ACJ05j a suitable definition was presented involving twisted 
connections on bibundles. 

We show here that just as abelian 5 1 -bundle gerbes with connection are nothing but de- 
scent objects for i : BBS 1 — >■ S(S' 1 -Tor), the non-abelian //-bundle gerbes with connection 
from |ACJ05| are nothing but descent objects for a 2-functor 

i : BA\JT(H) S(//-BiTor), (4.7) 

In particular the curious twist on the connections on the bibundles finds a natural inter- 
pretation as one component of a pseudonatural transformation. 

4.3.1 Bibundles with twisted Connections 

The first thing we have to do is to generalize the equivalence between circle bundles with 
connection and certain transport functors obtained in Lemma [4.71 to principal //-bibundles 
with twisted connections. For this purpose, let us carry out the details of the category of 
such bibundles, which are implicit in [ACJ05]. 

A principal H-bibundle over X is a bundle P — >- X that is both a left and a right 
principal //-bundle such that the two actions commute with each other. Morphisms between 
two principal //-bibundles are smooth fibrewise bi-equivariant bundle maps. 

We will denote the left and right actions by an element h G H on a bibundle P by lh 
and 77j, respectively. We remark that measuring the difference between the left and the 
right action in the sense of lh{p) = f g (h)(p) furnishes a smooth map 

g:P^ Aut(ZT), (4.8) 

In the following we denote by aut(H) the Lie algebra of Aut(//). Like in the construction 
of the Lie 2-group AUT(//) in Section [331 we denote by t : H — >■ Aut(//) the assignment 
of inner automorphisms and by a : Aut(//) x H — >~ H the evaluation. 

Definition 4.10 ( |ACJ05j ). Let p : P — »- X be a principal H-bibundle, and let A 6 
Q, 1 (X , aut(H)) be a 1-form on the base space. An A-twisted (right) connection on P is a 
1-form 4> G £l l (P, h) satisfying 

(^ (/9/l) ) = Ad ^ 1 ( df ) ) " {rh ° ah) * ° {fA) + 9h ( §) (4 - 9) 

for all smooth curves p : [0, 1] — >- P and h : [0, 1] — *- H . A morphism f : P — >- P' 
respects A-twisted connections <f> on P and <p' on P' if f*<f>' = (p. 
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We write 23ibun^(X, A) for the category of principal -ff-bibundles with A- twisted con- 
nection over X, and 23ibun^ (X) for the union of these categories over all 1-forms A. 

Remark 4.11. For A = an A- twisted right connection on P is the same as an ordinary 
connection on P regarded as a right principal bundle. One can give an analogous definition 
of a twisted left connection. Then, a twisted right connection gives rise to a twisted left 
connection, for a different twist, and vice versa. This is discussed in detail in [ACJ05J, but 
will be a manifest consequence of the reformulation which we give later. 

Lemma 4.12. Let A S (X , aut(H)) be a 1-form and let p : P — > X be a principal 
H-bibundle. For any A-twisted connection <j> on P there exists a unique 1-form A^ € 
Q}{X, mxi{H)) satisfying 

p*A^ = Ad g {p*A) - g*6 - 1, o 0, 
where g is the map from 14-8^ . 

A twisted connection in a principal bibundle P gives rise to parallel transport maps 

T • P =► P 

between the fibres of P over points x, y associated to any path 7 : x — >- y. It is obtained 
in the same way as in an ordinary principal bundle but using equation (14.9(1 instead of the 
usual one. As a result of the twist, the maps r 7 are not bi-equivariant; they satisfy 

7 7(^(7)(A)(p)) =i /»- 1 ( r 7(P)) and T i( r h(p)) =r F < Kl) -i {h -i)T 1 {p) (4.10) 

where F, F^ : PX — >■ Aut(-ff) come from the functors associated to the 1-forms A and A^ 
by Theorem 13.11 These complicated relations have a very easy interpretation, as we will 
see in the next section. 

Finally, an A-twisted connection <f> on a principal -ff -bundle P has a curvature: this is 
the 2-form 

curv(» := &(f) + [(f) /\ 4>] + a* (A A 0) G Q 2 (P, J)), 

As usual in the non-abelian case, this 2-form will in general not induce a globally defined 
2-form on the base manifold. 

For two principal .ff-bibundles P and P' over X one can fibrewise take the tensor 
product of P and P' yielding a new principal -ff-bibundle P x# P over X. If the two 
bibundles are equipped with twisted connections, the bibundle P xh P' inherits a twisted 
connection only if the two twists satisfy an appropriate matching condition. Suppose the 
principal -ff-bibundle P is equipped with an A-twisted connection cj), and P' is equipped 
with an A'-twisted connection </>', and suppose that the matching condition 

A',=A (4.11) 
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is satisfied. Then, the tensor product bibundle P Xh P' carries an A'-twisted connection 
4>tot G ^ 1 (-P x H P, h) characterized uniquely by the condition that 

pr 0tot = (5 ,o P)* P ( f , +P 9 , 

where pr : PxxP' — »- PXhP' is the projection to the tensor product and p and p' are the 
projections to the two factors. This tensor product, which is defined only between appro- 
priate pairs of bibundles with twisted connections, turns 2Mbun^(X) into a „monoidoidal" 
category. 

A better point of view is to see it as a 2-category: the objects are the twists, i.e. 1-forms 
A G Q 1 (X , aut(H)) , a 1-morphism A — >■ A' is a principal if-bibundle P with A'-twisted 
connection (ft such that A'^, = A, and a 2-morphism (P, (ft) => (P',(ft') is just a morphism 
of principal .ff-bibundles that respects the A'-twisted connections. 

4.3.2 Transport Functors of twisted Connections in Bibundles 

We are now going to identify the category 23ibun^(X) of principal if-bibundles with twisted 
connections over X with a (subcategory of a) category of transport functors. 

For preparation, we write H-BiToi for the category whose objects are smooth manifolds 
with commuting smooth left and right if-actions, both free and transitive, and whose 
morphisms are smooth bi-equivariant maps. Using the product over H this is naturally 
a (non-strict) monoidal category. As usual we write B(H-BiTor) for the corresponding 
one-object (non-strict) 2-category. The announced 2-functor (|4.7p . 

i : BXUT(H) B(H-BiTov), 

is now defined as follows. It sends a 1-morphism 93 £ Aut(-ff) to the .ff-bitorsor which is 
the group H on which an element h acts from the right by multiplication and from the left 
by multiplication with ip(h). The compositors of i are given by the canonical identifications 

and the unitor is the identity. The 2-functor i further sends a 2-morphism h : if\ => ip2 
to the bi-equivariant map 

While the bi-equivariance with respect to the right action is obvious, the one with respect to 
the left action follows from the condition <f2{x) = hLpi(x)h~ l we have for the 2-morphisms 
in XUT{H) for all x € H. 

Remark 4.13. The 2-functor i is an equivalence of 2-categories, and exhibits B(H-BiTor) 
as a framed bicategory in the sense of |ShuQ7j . 
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As described in Section 13.21 the 2-functor i admits the construction of a category 
Aj£>(if-BiTor) and of a functor 



Ai : ABXUT(H) A l B(H-BiTor). 

We can now prove the announced generalization of Lemma l4~7l to the non-abelian case. 

Proposition 4.14. There exists a canonical functor 

SSibun^(X) Transj v;3AUT(H) (X,A i e(i7-BiTor)) 

which is surjective and faithful. 

Proof. Given a principal ff-bibundle P with A-twisted connection, we define the 
associated transport functor by 

v ^ i(i?(7)) ■( \ 



trap 



x ■ 



Px 



*(*) 



i(^(7)) 



■*(*)• 



Here F, F^ : PX — >■ Aut(H) are the maps defined by A and that we have already used 
in the previous section. The definition contains the claim that the parallel transport map 
r 7 gives a bi-equivariant map 



:P 



y XH F( 7 ) 



H 



F4.i1) 



it is indeed easy to check that this is precisely the meaning of equations (|4.10j) . A morphism 
/ : P — s- P' between bibundles with A-twisted connections induces a natural transforma- 
tion rjf : trap — >■ trap/ between the associated functors, whose component at a point x is 
the bi-equivariant map f x : P x => P' x . This is a particular morphism in Aj^(if-BiTor) for 
which the horizontal 1-morphisms are identities. Here it becomes clear that the assignments 



trap and / 



re- 



define a functor which is faithful but not full. 

It remains to check that the functor trap is a transport 2-functor. We leave it as 
an exercise for the reader to construct a local trivialization (t, triv) of trap with smooth 
descent data. Hint: use an ordinary local trivialization of the bibundle P and follow the 
proof of Proposition 5.2 in |SW07j . □ 

The two categories appearing in the last proposition have both the feature that they 
have tensor products between appropriate objects. Concerning the bibundles with twisted 
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connections, we have described this in terms of the matching condition (14, lip on the twists. 
Concerning the category of transport functors, this tensor product is inherited from the 
one on Aj£>(i?-BiTor), which has been discussed in Section [321 

Lemma 4.15. The matching condition j4-ll\ ) corresponds to the required condition for 
tensor products in Aj£>(i/-BiTor) under the functor from Proposition \4 M\ Furthermore, 
the functor respects tensor products whenever they are well-defined. 

Proof. Suppose that the matching condition A'^, = A holds, so that principal 
-ff-bibundles P and P' with connections 4> an d <t> have a tensor product. It follows that 
the map which labels the horizontal 1-morphisms at the bottom of the images of trap/ 
is equal to the map F which labels the ones at the top of the images of trap; this is the 
required condition for the existence of the tensor product trap/ ® trap. That the tensor 
products are respected follows from the definition of the twisted connection </> tot on the 
tensor product bibundle. □ 

An alternative formulation of Lemma [4. 151 would be that the functor from Proposition 
14.141 respects the monoidoidal structures, or, that it is a double functor between (weak) 
double categories. 

4.3.3 Non-Abelian Bundle Gerbes as Transport 2-Functors 

We claim that the relation between non-abelian ff-bundle gerbes with connection and 
transport 2-functors with i3AUT(if )-structure is a straightforward generalization of the 
abelian case, see Theorem 14.61 Here, a non-abelian H-bundle gerbe with connection and 
surjective submersion 7r : Y — *- M is a 2-form B G Q 2 (Y,t)), a principal .ff -bibundle 
p : P — >■ y' 2 l with twisted connection eft such that 

curv(</>) = ("7Ti op)*B - o (7r 2 °p)*B, (4.12) 

and an associative morphism 

H : tt| 3 P xp ir* 12 P ir* 3 P 

of bibundles over that respects the twisted connections |ACJ05| . In (|4.12|) . g is the 
smooth map (|4.8p and a : Aut(iJ) x H — >■ H is the evaluation. The definitions of bundle 
gerbe 1-morphisms and bundle gerbe 2-morphisms generalize analogously to the non-abelian 
case. 

Theorem 4.16. There is a canonical surjective and faithful 2-functor 

#-<B0tb v (7r) Vzslii) 00 . 



69 



Proof. All relations concerning the bimodules are analogous to those in the abelian 
case, when generalizing Lemma 14.71 to Proposition 14.141 Relation (|4.12l) for the 2-form B 
can be proven in the same way as in the proof of Lemma [4.81 but now using the full version 
of equation (|3.3p . The comments concerning the descent datum ip also remain valid. □ 



The last result induces with Theorem 13.101 
Corollary 4.17. Let M be a smooth manifold. There exists a canonical 2- functor 
H- < B<5xb v (M) Trans| AUT(i?) (M,B(iI-BiTor)). 
Let us close with a few remarks on non-abelian bundle gerbes. 

1. The fact that the functor from Proposition 14. 141 from bibundles to transport functors 
is not full means that the bibundle theory developed in [ACJ05J oversees a whole 
class of morphisms. As a consequence, one could consider a more general version of 
non-abelian bundle gerbes involving such morphisms over Y^. 

2. A non-abelian 5 1 -bundle gerbe is not the same as an abelian S^-bundle gerbe: for 
the non-abelian bundle gerbes also the automorphisms are important, and Aut(S' 1 ) = 
Z>2- For transport 2-functors this is even more obvious: the Lie 2-groups BBS 1 and 
BPJJT{S l ) are not equivalent. 

3. The non-abelian bundle gerbes we have considered here are „fake-flat". See Remark 
14.51 why this has to be. 

4.4 Outlook: Connections on 2- Vector Bundles and more 

Additionally to the equivalence between transport functors and principal G-bundles with 
connection (Theorem 13 . 1 [) . [SW07] also contains an analogous equivalence for vector bun- 
dles with connection. It has an immediate generalization to 2- vector bundles with many 
applications, on which we shall give a brief outlook. 

4.4.1 Models for 2- Vector Spaces 

We fix some 2-category 2Vect standing for a 2-category of 2- vector spaces. Given a 2-group 
0, a representation of & on such a 2- vector space is a 2-functor 

p : B^S — »■ 2Vect. 

A 2-vector bundle with connection and structure 2-group <5 is nothing but a transport 
2-functor tra : T J 2(X) — *- 2Vect with £>(25-structure. Important classes of 2-vector bundles 
are line 2-bundles and string bundles. 
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Depending on the precise application there is some flexibility in what one may want to 
understand under a 2-vector space. Usually 2-vector spaces are abelian module categories 
over a given monoidal category. For k a field, two important classes of examples are the 
following. First, let k be the discrete monoidal category over k, Then, 2Vect is 2-category 
of module categories over k. This is equivalent to the 2-category of categories internal to k- 
vector spaces. These Baez-Crans 2-vector spaces [BCQ4] are appropriate for the discussion 
of Lie 2-algebras. 

The second model for 2Vect is the 2-category of module categories over the monoidal 
category Vect(fe) of k- vector spaces, 

2Vect := Vect(/c)-Mod. 

In its totality this is rather unwieldy, but it contains two important sub-2-categories: 
the 2-category KV(fc) of Kapranov-Voevodsky 2-vector spaces |KV94| and the 2-category 
Bimod(/c), whose objects are fc-algebras, whose 1-morphisms are bimodules over these al- 
gebras and whose 2-morphisms are bimodule homomorphisms |Shu07| . Indeed, there is a 
canonical inclusion 2-functor 

i : Bimod(» <— Vect(fc)-Mod 

that sends a /c-algebra A to the category ^4-Mod of ordinary (say, right) ^4-modules. This is 
a module category over Vect(k) by tensoring a right module from the left by a vector space. 
A 1-morphism, an ^4-f?-bimodule N, is sent to the functor that tensores a right ^4-module 
from the right by N, yielding a right -B-module. A bimodule morphism induces evidently 
a natural transformation of these functors. 

If one restricts the 2-functor i to the full sub-2-category formed by those algebras that 
are direct sums A = k® n of the ground field algebra, the 2-vector spaces in the image of 
i are of the form Vect(/c) n , i.e. tuples of vector spaces. The 1-morphisms in the image 
are (m x n)-matrices whose entries are fc-vector spaces. These form the 2-category of 
Kapranov-Voevodsky 2-vector spaces [KV94]. 

4.4.2 The canonical Representation of a 2-Group 

Every automorphism 2-group AUT(if) of a Lie group H has a canonical representation on 
2-vector spaces, namely 

BAUT(H) Bimod(fc) — U- Vect(A;)-Mod, (4.13) 

where the 2-functor A is defined similar as the one we have used for the non-abelian bundle 
gerbes in (|4.7p . It sends the single object to k regarded as a /c-algebra, it sends a 1-morphism 
ip £ A.nt(H) to the bimodule v k in the notation of Section 14.3.21 and it sends a 2-morphism 
(tp, h) : ip => Ch ° f to the multiplication with h from the left. 
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Now let <S be any smooth Lie 2-group corresponding to a smooth crossed module 
(G, H,t,a). We have a canonical 2-functor 

9 a g 




(4.14) 



whose composition with (|4.13|) gives a representation of (5, that we call the canonical k- 
representation. 

Example 4.18. A very simple but useful example is the standard C-representation of £>C X . 
In this case the composition (|4.13p is the 2-functor 




for all z € C x . Notice that Vect(C) is the canonical 1-dimensional 2-vector space over C in 
the same sense in that C is the canonical 1-dimensional complex 1-vector space. Therefore, 
transport 2-functors 

tra : T 2 (M) — Vect(C)-Mod 

with BBC X -structure deserve to be addressed as line 2-bundles with connection. Let us 
make two remarks: 

1. Going through the discussion of abelian bundle gerbes with connection in Section l4~2l 
it is easy to see that line 2-bundles with connection are equivalent to bundle gerbes 
with connection defined via line bundles instead of circle bundles. 

2. The fibre tra(x) of a line 2-bundle tra at a point x is an algebra which is Morita 
equivalent to the ground field C. These are exactly the finite rank operators on a 
separable Hilbert space. Thus, line 2-bundles with connection are a form of bundles 



of finite rank operators with connection, this is the point of view taken in BCM + 02 



The canonical 2-functor A : BA\JT(H) — s- Bimod(/c) we have used above can be de- 
formed to a 2-functor A p using an ordinary representation p : BH — >■ Vect(fc) of H. It 
sends the object of BA\JT(H) to the algebra A p (*) which is the vector space generated 
from all the linear maps p(h). A 1-morphism ip € Aut(if) is again sent to the bimodule 
V A P (*), and the 2-morphisms as before to left multiplications. The original 2-functor is 
reproduced A = ^4 triVfe from the trivial representation of H on k. 



72 



Example 4.19. For G a compact simple and simply-connected Lie group, we consider the 
level k central extension Hj, := Cl^G of the group of based loops in G. For a positive energy 
representation p : BilkG — s» Vect(/c) the algebra A p (*) turns out to be a von Neumann- 
algebra while the bimodules ^A p (*) are Hilbert bimodules. In this infinite-dimensional 
case we have to make the composition of 1-morphisms more precise: here we take not the 
algebraic tensor product of these Hilbert bimodules but the Connes fusion tensor product 
[ST04j. Connes fusion product still respects the composition: for A a von Neumann algebra 
and the bimodule structure on it induced from twisting the left action by an algebra 
automorphism <p, we have 

^ A <S> p'A ~ f'oipA 

under the Connes fusion tensor product. Now let (25 = String fc (G) be the string 2-group 
defined from the crossed module Cl^G — *- PqG of Frechet Lie groups [BCSS07] . Together 
with the projection 2-functor (|4.14l) we obtain an induced representation 

i : ^String fc (G) — *- BimodcF(^) 

The fibres of a transport 2-functor 

tra : V 2 (M) Bimod C F(» (4.15) 

with ^String fc (G)-structure are hence von Neumann algebras, and its parallel transport 
along a path is a Hilbert bimodule for these fibres. In conjunction with the result [BS08, 
IBBK06] that Stringy (G)-2-bundles have the same classification as ordinary fibre bundles 
whose structure group is the topological String group, this says that transport 2-functors 
(|4.15l) have to be addressed as String 2-bundles with connection, already appearing in 
[STQ4]. 



4.4.3 More: Twisted Vector Bundles 

Vector bundles over M twisted by a class £ E H 3 (M, Z) are the same thing as gerbe modules 



for a bundle gerbe Q whose Dixmier-Douady class is £ |BCM + 02| . These modules are in 
turn nothing else but certain (generalized) 1-morphisms in the 2-category of bundle gerbes 
330tb(M) [Wal07| . The same is true for connections on twisted vector bundles. More 
precisely, a twisted vector bundle with connection is the same as a 1-morphism 

S : G -* T p 

from the bundle gerbe Q with connection to the trivial bundle gerbe X equipped with the 
connection 2-form p G f2 2 (M). 
Now let 

tra : P 2 (M) Vect(C)-Mod 

be a transport 2-functor which plays the role of the bundle gerbe Q, but we allow an 
arbitrary structure 2-group & and any representation p : B<5 — >■ Vect(C)-Mod. Let tra°° : 
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ViiM} — >■ B<5 be a smooth 2-functor which plays the role of the trivial bundle gerbe. We 
shall now consider transport transformations 



A : tra tra£°. 

Let 7T : Y — *- M be a surjective submersion for which tra admits a local trivializa- 
tion with smooth descent data (triv, g, ift,f). The descent data of tra°° is of course 
(7r*tra°°, id, id, id). Now the transport transformation A has the following descent data: 
the first part is a pseudonatural transformation h : triv — s- 7r*tra°° whose associated func- 
tor J^~(/i) : V\(Y) — >■ A p (Vect(C)-Mod) is a transport functor with A£>(5-structure. The 
second part is a modification e : ir^hog => ido7r*/t whose associated natural transformation 

&(e) : vr*^(/i) <g> &(g) vr*^(/i) 

is a morphism of transport functors over Y^ . According to conditions t) 1 . 3[) and (|1.4I) on 
descent 1-morphisms, it fits into the commutative diagram 

n*3?(h) ® 7T* 3 ^(g) ® n* l2 J?(g) n*J?(h) ® n^(g) 



id®J?(/) 



^(e) (4.16) 



n*J?(h) ® 7r* 13 J?(g) - ^(h) 

of morphisms of transport functors over Y^ and satisfies A*J^(e) o = id. The 

transport functor 

&{h) : Vi{Y) A p (Vect(C)-Mod) 

together with the natural transformation J^~(e) is the general version of a vector bundle 
with connection twisted by a transport 2-functor tra. According to Sections 14.11 and 14.31 
the twists can thus be Breen-Messing gerbes or non-abelian bundle gerbes with connection. 

Depending on the choice of the representation p, our twisted vector bundles can be 
translated into more familiar language. Let us demonstrate this in the case of Example 
14.181 in which the twist is a line 2-bundle with connection, i.e. a transport 2-functor 

tra : V 2 (M) Vect(C)-Mod 

with BBC X -structure. In order to obtain the usual twisted vector bundles, we restrict the 
target 2-category to SVect(C), the monoidal category of complex vector spaces considered 
as a 2-category The following Lie category Gl is appropriate: its objects are the natural 
numbers N, and it has only morphisms between equal numbers, namely all matrices Gl n (C). 
The composition is the product of matrices. The Lie category Gl is strictly monoidal: the 
tensor product of two objects m, n € N is the product nm S N, and the one of two matrices 
A 6 Gl(m) and B £ Gl(n) is the ordinary tensor product A ® B G Gl(m x n). In fact, 
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Gl carries a second monoidal structure coming from the sum of natural numbers and the 
direct sum of matrices, so that Gl is actually a bipermutative category, see Example 3.1 of 
[BDR04] . 

Notice that we have a canonical inclusion functor t : BC X c — Gl, which induces another 
inclusion 

l„ : Trans| BCX (M,^Vect(C)) — Trans| G1 (M, BVect(C)) 

of line 2-bundles with connection into more general vector 2-bundles with connection. Here 
we have used the representation 

p : SGI ->- SVect 

obtained as a generalization of Example 14.181 from C x = Gli(C) to Gl n (C) for all n 6 N. 
The composition pot reproduces the representation of Example 14.181 

Using the above inclusion, the given transport 2-functor tra induces a transport 2- 
functor i* o tra : V2{M) — s- £>Vect(C) with £>Gl-structure, and one can study transport 
transformations 

A : tra tra£° 

in that greater 2-category Transg G1 (M, BVect(C)). Along the lines of the general procedure 
described above, we have transport functors <^(g) and J£"(/i) coming from the descent data 
of tra and A, respectively. In the present particular situation, the first one takes values in 
the category A pOL BVecti(C) whose objects are one-dimensional complex vector spaces and 
whose morphisms from V to W are invertible linear maps / : W ®C — >■ C®V. Similar to 
Lemma l4~7l this category is equivalent to the category Vecti(C) of one dimensional complex 
vector spaces itself. Thus, the transport functor ^(g) with £>C X -structure is a complex 
line bundle L with connection over Y^. The second transport functor, &(h), takes values 
in the category A pot £rVect(C). This category is equivalent to the category Vect(C) itself. 
It has A t £>Gl-structure, which is equivalent to Gl. Thus, JP(h) is a transport functor with 
values in Vect(C) and Gl-structure. It thus corresponds to a finite rank vector bundle E 
over Y with connection. 

Since all identifications we have made so far a functorial, the morphisms ^(f) and J^(e) 
of transport functors induce morphisms of vector bundles that preserve the connections, 
namely an associative morphism 

P : 7T2 3 L (g) 7T* 2 L 7Ti 3 L 

of line bundles over Y^ 2 \ and a morphism 

q : it\E ig> L — >■ ir^E 

of vector bundles over Y which satisfies a compatibility condition corresponding to (|4.16|) . 



This reproduces the definition of a twisted vector bundle with connection [BCM + Q2| . We 
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remark that the 2-form p that corresponds to the smooth 2-functor tra^° which was the 
target of the transport transformation A we have considered, is related to the curvature of 
the connection on the vector bundle E: it requires that 

curv(-E') = I n ■ (curv(L) — ir*p), 

where I n is the identity matrix and n is the rank of E. This condition can be derived 
similar to Lemma l4~8l 

5 Holonomy of Transport 2-Functors 

From the viewpoint of a transport 2-functor, parallel transport and holonomy are basically 
evaluation on paths or bigons. 

5.1 Parallel Transport along Paths and Bigons 

Let tra : V2{M) — *- T be a transport 2-functor with £>(5-structure on M. Its fibres over 
points x,y £ M are objects tra(x) and tra(y) in T, and we say that its parallel transport 
along a path 7 : x — y is given by the 1-morphism 

tra(7) : tra(x) — e» tra(y) 

in T, and its parallel transport along a bigon E : 7 => 7' is given by the 2-morphism 

tra(E) : tra(7) => tra(7 ; ) 

in T. 

The rules how these 1-morphisms and 2-morphisms behave under the composition of 
paths and bigons are precisely the axioms of the 2-functor tra. We make some examples. If 
71 : x — >- y and 72 : y — *- z are composable paths, the separate parallel transports along 
the two paths are related to the one along their composition by the compositor 

c 7li72 : tra(7 2 ) o tra(7i) ^> tra(7 2 o 7^. (5.1) 

If id x is the constant path at x, the parallel transport along id x is related to the identity 
at the fibre tra(x) by the unitor 

u x : tra(ida;) id^o;)- 

The parallel transports along vertically composable bigons E : 71 => 72 and E' : 72 => 73 
obey for example axiom (Fl), namely 

tra(E' • E) = tra(E') • tra(E). 
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The complete list of gluing axioms is precisely the list of axioms of a 2-functor, see Definition 



In the previous Section |4] we have identified differential cocycles, abelian bundle gerbes 
and non-abelian bundle gerbes with connection with smooth descent data of particular 
transport 2-functors. Reconstructing the transport 2-functor from such descent data like 
described in Section [2j and evaluating this 2-functor on paths and bigons, yields a well- 
defined notion of parallel transport for these gerbes. 

Let us start with a smooth descent object (triv, g, ip, /) in the descent 2-category 
£>es^(i)°° associated to some surjective submersion ir : Y — >■ M and some 2-functor 
i : B<5 — *- T . Suppose we want to compute the parallel transport of the reconstructed 
transport 2-functor 

tra := s*R (tliv>gM) : V 2 (M) — T (5.2) 

along some path 7 : x — >■ y. Applying the section 2-functor s to 7 we obtain a 1-morphism 
5(7) : s(x) — s- s(y) in the codescent 2-groupoid V%(M), In general this 1-morphism is a 
composition of paths 7£ in Y and jumps ot£ in the fibres: 

fl ( 7 ) = s(x)-^pi^+p 2 -^ ^p n JIll^ s (y). 

Then we have to compute the pairing between 5(7) and the descent object (triv, g, ip, /). 
The pairing procedure prescribes the piecewise evaluation of trivj on the paths 7^ and of g 
on the jumps ag. This yields composable 1-morphisms in T, whose composition is tra(7). 

Example 5.1. Let us give the following three examples for parallel transport along a path. 

1. Differential cocycle. We represent the Lie 2-group & as a crossed module (G, H, t, a). 
The target 2-category is now T = 13(5, has only one object and the 1-morphisms 
are group elements g G G. Thus, the parallel transport will be a group element 
tra(7) G G. 

The differential cocycle is given by a tuple (B, A, ip, ip, g, f) of which A is a 1-form 
A G 1 (y, g) and g is a smooth function g : Y™ — G. Parsing through the relation 
between the differential cocycle and the associated descent object, we obtain for 7^ 
one of the paths one finds in 5(7), 

trivi( 7/ ) = Vexp (^J A) EG (5.3) 

where the path-ordered exponential "Pexp stands for the solution of a differential 
equation governed by A. The evaluation of g at one of the jumps on is just giag) G G. 

Then, the parallel transport tra( 7 ) G G is the product of the trivj^) and the g(ae), 
taken in the same order as the pieces appear in 5(7). 
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2. Abelian bundle gerbe. Here the target 2-category is T = B(S 1 -Tor), so that the 
parallel transport will be an 5 1 -torsor tra(7). 

The abelian bundle gerbe is given by a tuple (L,V,/x, B), of which L is a circle 
bundle over Y^. Since the structure 2-group is BBS 1 it is clear that the 2-functor 
triv : 00 — BBS 1 is constant on the paths -ft, so that trivj^) = S . Further, 
the pseudonatural transformation g corresponds to the circle bundle L, so that the 
pairing between a jump oli and g yields the fibre L ae of L over the point cue € Y^. 

Then, the parallel transport tra(7) is the tensor product of S 1 viewed as a torsor over 
itself and the S^-torsors L ae . 

3. Non-abelian bundle gerbe. Here the target 2-category is T = 23(.£/-BiTor), so that the 
parallel transport will be an fZ-bitorsor tra(7). 

The non-abelian bundle gerbe is given by a tuple (E,ip,V , fx, A, B), of which E 
is a principal if-bibundle over Y™ with 92- twisted connection V. The 2-functor 
triv : P2OO — *" BA\JT(H) assigns to the paths 7^ the automorphisms (|5.3p so that 
trivi(7^) = tr w 7i \ff. Further, the pseudonatural transformation g corresponds to the 
bibundle E, so that the pairing between a jump ae and g yields the fibre E ae of E 
over the point at € Y^. 

Then, the parallel transport tra(7) is the tensor product of the .ff-bitorsors triv ^ e )H 
and the -ff-bitorsors E ae . 

Let us now compute the parallel transport of transport 2-functor tra (|5.2p that we have 
reconstructed from given a descent object (triv, g, ip, /), around a bigon X : 71 => 72. 
According to the prescription, we use again the section 2-functor s and obtain some 2- 
isomorphism s(S) : 5(71) => 5(72)- In general, this 2-morphism s(E) can be a huge vertical 
and horizontal composition of 2-morphisms of (M) of any kind. The pairing between 
s(S) and the descent object (triv, g, ip, f) evaluates according to the prescription of Section 
12.31 the 2-functor triv on bigons, g on the 2-morphisms of type (lb), / on those of type (lc) 
and if) on those of type (Id). The result is a 2-morphism tra(E) : tra(7i) => tra(72). 

Example 5.2. Let us again go through our three examples. 

1. Differential cocycle. The parallel transport along S is a group tra(S) G H that 
satisfies the equation 

tra(7 2 ) = t(tra(£)) • tra(7i), 

where tra(7i), tra(72) € G are the parallel transports along the source path and the 
target path, and t : H — G is the Lie group homomorphism from the crossed module 
0, 

2. Abelian bundle gerbe. The parallel transport along S is an equivariant map 

tra(S) : tra(7i) — *- tra(72) 
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between the 5 1 -torsors tra(7i) and tra(72). 

3. Non-abelian bundle gerbe. The parallel transport along E is a bi-equivariant map 

tra(E) : tra(7i) — >■ tra(72) 

between the .ff-bitorsors tra(7i) and tra(72). 

In the next section we concentrate in certain bigons that parameterize surfaces; the 
parallel transport along these bigons will be called the holonomy of the transport 2-functor 
tra. 

5.2 Holonomy around Surfaces 

Usually, holonomy is understood as the parallel transport along closed paths. In particular 
„holonomy around a closed line" is not a well-defined expression since it depends on the 
choice of a base point and of an orientation. In other words, one has to represent the closed 
line as the image of a closed path. 

In the same way one cannot expect that „holonomy around a closed surface" is well- 
defined. We infer that one first has to represent the closed surface as the image of a „closed 
bigon" that generalizes a closed path. Possible generalizations are: 

(a) Bigons E : 7 => 7 from some path 7 : x — >■ y to itself. 

(b) More particular, bigons E : r => r from some loop r : x — x to itself. 

(c) Even more particular, bigons E : \d x => id^. 

The evaluation of a transport 2-functor tra : V2{M) — *- T on such bigons gives indeed 
rise to interesting structure: in case (a) one obtains a 2-groupoid whose objects are the 
points in the base manifold and whose 1-morphisms are the images tra(7) of all paths 
7 : x — >■ y. In case (b) one obtains a (probably weak) Lie 2-group attached to each point 
x, whose objects are the images tra(r) of all loops located at x. In case (c) one obtains 
an ordinary group attached to each point, whose elements are the images tra(E) of all 
bigons E : id x => id x . These groups are actually abelian: this follows from the same kind 
of Eckman-Hilton argument which proves that the second homotopy group of a space is 
abelian. 

We can thus associate a holonomy 2-groupoid, a holonomy 2-group or a holonomy group 
to a transport 2-functor. The investigation of these structures for particular examples of 
transport 2-functors could be an interesting and difficult problem. In the remainder of 
this article we shall, however, return to the problem of defining the „holonomy around a 
closed surface" by representing the given surface as the image of a particular bigon. This 
problem is mainly motivated by the applications of gerbes with connection in conformal 
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field theory, where these surface holonomies contribute terms to certain action functionals, 
see e.g. [Gaw88j. 

It is clear that only surfaces of particular topology can be represented by bigons from 
the above list. We should hence take a different class of bigons into account. These bigons 
have the form 

S : r => id x , 

starting at a loop r : x — »- x and ending at the identity path at x. 

Definition 5.3. // S is a closed and oriented surface, we call a bigon £ : r => id x in S 
a fundamental bigon for S , if its map £ : [0, l] 2 — >~ 5 is orientation-preserving, surjective, 
and - restricted to the interior (0, l) 2 - injective. 

It is easy to see that any closed oriented surface has a fundamental bigon. First, the 
surface can be represented by a fundamental polygon, which has an even number of pairwise 
identified edges. Let xbe a vertex of this polygon, and let r : x — >■ re be a parameterization 
of the boundary, oriented in the way induced from the orientation of S. If the surface is of 
genus n, r has the form 

T = a 2n ° a 2n~l ° a 2n ° «2n-l • • • «2 1 ° a l ° «2 ° «1 

for paths that parameterize the edges of the polygon. Now, a fundamental 

bigon £ : r => id^ is given by the linear contraction of the polygon to the point x. 

Definition 5.4. Let S be a closed and oriented surface and let (ft : S — > M be a smooth 
map. For a transport 2- functor tra : V2(M) — >■ T and a fundamental bigon S for S we 
call the 2-morphism 

Hol tra (^, S) := tra(^S) : tra(^>*r) => tra^d^) ) 
in T the holonomy of tra around S . 

In general, the holonomy around a surface depends on the choice of the fundamental 
bigon. In the following we want to specify this dependence in more detail. 

Lemma 5.5. Let S be a closed and oriented surface with fundamental bigon 

£ : r => id x , 

let (ft : S — f- M be a smooth map and let tra : V2(M) — *- T be a transport 2- functor. 

(a) IfTf'.T => \d x is another fundamental bigon for S with the same loop t, 

Hol tra (^E) = Hol tra (^S'), 

i. e. the holonomy is - for fixed base point x and fixed loop r - independent of the 
choice of the fundamental bigon. 
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(b) If 7 : x — >- y is a path, r 7 := 7 o r o 7 is loop based at y and £ 7 := id 7 o T, o icL-i 
is a fundamental bigon £ 7 : r 7 => id y for S . Then, 

Hol tra (>, S 7 ) = id tra(( ^ 7 ) o Hol tra (0, E) o id tra(0it7 -i), 

i.e. i/ie holonomy becomes conjugated when the base point is moved. 

(c) Suppose t has the form r = 72 o a -1 o ji o a o 70 for a : a — *- b some path, for 
instance when r is like in ( f 5, <fy and a is one of the on. Let a' : a — 9- b be another 
path and let A : a' => a be a bigon whose map A : [0, l] 2 — >■ S is injective restricted 
to the interior. Then, t' := 72 a' -1 71 a' o 70 is another loop based at x, and 
£' := S • (id 72 o A* o id 7l o A o id 70 ) is another fundamental bigon, and 

Hol t ra(</>, S') = Holtra(</>, S) • (id 72 o A # o id 7l o A o id 7o ), 

where A* : a' -1 => a -1 is the „horizontally inverted" bigon given by A*(s,i) := 
A(s,l-t). 

Proof. The first assertion follows from the fact that the two fundamental bigons are 
homotopy equivalent, and thus, since S is a manifold of dimension two, even thin homo- 
topy equivalent. The second and the third assertion follow from the 2-functorality of tra. □ 

Summarizing, the holonomy of a transport 2-functor around a closed and oriented sur- 
face S depends on the choice of a base point x € S and on the choice of a loop r based at 
x. In the remainder of this section we discuss this dependence for differential 0-cocycles 
and abelian bundle gerbes. 

Holonomy of differential cocycles. Let tra : Vi{M) — ^ B(5 be a transport 2-functor 
with 23(3-structure corresponding to a degree two differential (5-cocycle as discussed in 
Section 14.11 As always, the Lie 2-group (5 is represented by a smooth crossed module 
(G,H,t,a). According to Examples 15.11 and 15.21 the holonomy of this differential cocycle 
around a surface S with fundamental bigon S : r => id x is a group element Holt ra (0 ; S) £ 
H such that 

t(Holtra(& £)) =tra(r)- 1 . 

If the base point is moved along a path 7 like investigated in Lemma [5751 (b), it is changed 
by the action of tra(7) E G, 

Hol tra (^,S 7 ) = a(tra(7),Hol tra (^,S)). 

This follows from the horizontal composition rule of the 2-groupoid B<3, see Section l37ll 
If the loop is changed by a bigon as described in Lemma IB~5l (c) we find 

Hol tra (0, £') = Hol tra (0, S) • a{g 2 g- 1 ,h- 1 a(g 1 ,h)), (5.4) 
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where h := tra(A), g := tra(a'), g2 '■= tra(72 o a'^ 1 ) and g\ := tra(7i). Here we have 
used tra(A^) = a(g~ 1 ,h^ 1 ), which follows from the axioms of the 2-functor tra. In order 
to handle the formula (15,4(1 let us introduce the following notation. We write [G, H] C H 
for the Lie subgroup of H which is generated by all elements of the form h~ 1 a(g, h), for 
h 6 H and g € G. The group [G, H] generalizes the commutator subgroup [H, H] of H, 
see Example 15.71 below. The axioms of the crossed module (G,H,t,a) infer 

Lemma 5.6. The subgroup [G, H] of H is invariant under automorphisms a g : H — s- H 
for all g G G. In particular, it is invariant under conjugation and hence a normal subgroup 

of a. ' 

Thus, the image of HoltraO^j S) G H in the quotient H/[G, H] is independent of the 
choice of the loop r. 

Example 5.7. Let us specify to two examples of Lie 2-groups 0: 

(a) In the case of the 2-group BA for A an ordinary abelian Lie group, the holonomy is 
an element in A, and since here a is the trivial action and [I, A] is the trivial group, 
the holonomy is independent of both under the choice of the base point and under 
changes of the loop. 

(b) Let G be an ordinary Lie group and let EG the associated 2-group of inner automor- 
phisms, see Section 13.31 Since a here is the conjugation action of G on itself, the 
holonomy becomes conjugated when moving the base point, just like in the case of 
ordinary holonomy. Further, the subgroup [G, H] we have considered above is here 
just the ordinary commutator subgroup [G, G], so that the image of the holonomy in 
G/[G,G] is independent of the choice of the loop. 

Holonomy of abelian bundle gerbes. Let Q be an abelian bundle gerbe with connec- 
tion over M, and let trag : Vi(M) — >■ B(S 1 -Tor) be the associated transport 2-functor. 
According to Examples 15.11 and 15.21 the holonomy of trag around a surface S with funda- 
mental bigon S : r => id x is a 5 1 -equivariant map 

Hol tras (0, S) : trag(r) S 1 

which one can uniquely identify with an element Holt rag S) € S 1 . By Lemma 15.51 it is 
clear that it is independent of the choice of the fundamental bigon, of the choice of the base 
point and of the choice of the loop r. We can thus compare it with the holonomy of the 
abelian bundle gerbe Q, which has been defined in (M_u r 96j, see also [GRQ21 ICJM02] . 

Proposition 5.8. Let Q be an abelian bundle gerbe with connection over M , and let trag : 
Vz(M) — >~ B(S 1 -Tov) be the associated transport 2-functor. Then, the holonomies ofQ and 
trag coincide, i.e. 

Hole (0,5) = Hol trae (</>,£) 
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for S an oriented closed surface, £ : r => id x a fundamental for S and <f> : S — >■ M a 
smooth map. 

Proof. To see this, we have to recall how the holonomy of the bundle gerbe Q with 
connection is defined. The pullback <jfQ is by dimensional reasons isomorphic to a trivial 
bundle gerbe, which has a connection solely given by a 2-form p G 0?{S). Then, 

Holg (0,5) =expUjpj. (5.5) 

Now, since Corollary 14.91 infers an equivalence between 2-categories of bundle gerbes and of 
transport 2-functors, also the pullback c/>*trag is equivalent to a trivial transport 2-functor 
tra^°, where p is the same 2-form as above. We infer that in the present case of transport 
2-functors with Z^S^-structure equivalent transport 2-functors have the same holonomies. 
The holonomy of the trivial transport 2-functor tra^° is according to |S W08| 

tra~(E) = exp (i ^ A^j = exp ^i ^ , 

where £ ^ 1 ([0, 1]) is the 1-form from equation (2.25) in |S WQ8j reduced to the present 
abelian case. Since £ is a regular and orientation-preserving parameterization of the 
surface S, the last expression coincides with (15. 5h . □ 



A Basic 2-Category Theory 

We introduce notions and facts that we need in this article. For a more complete introduc- 
tion to 2-categories, see, e.g. [Lei98]. 

Definition A.l. A (small) 2- category consists of a set of objects, for each pair (X,Y) of 
objects a set of 1-morphisms denoted f : X — *- Y and for each pair (f,g) of 1-morphisms 
f,g:X — >- Y a set of 2-morphisms denoted ip : f => g, together with the following 
structure: 

1. For every pair (f,g) of 1-morphisms f : X — s- Y and g : Y — s- Z, a 1-morphism 
g o f : X — ^ Y , called the composition of f and g. 

2. For every triple (f,g, h) of 1-morphisms f : W — 5- X , g : X — Y and h : Y — Z , 
a 2-morphism 

aj, g ,h ■ (h o g) o / => h o (g o /) 
called the associator of f, g and h. 
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3. For every object X, a 1-morphism idx '■ X — 5- X , called the identity 1-morphism of 
X. 

4- For every 1-morphism f : X — 5- Y , 2-morphisms If : f o idx => / and rf : idy o 
/ => /, called the left and the right unifier. 

5. For every pair (<p, ip) of 2-morphisms p : / => g and ip : g => h. a 2-morphism 
ip • <p : / => h, called the vertical composition of tp and tp. 

6. For every 1-morphism f, a 2-morphism id/ : / => /, called the identity 2-morphism 
off- 

7. For every triple (X, Y, Z) of objects, 1-morphisms f,f':X — s- Y and g,g' :Y — 5- Z , 
and every pair (ip, ip) of 2-morphisms (p : / => /' and ip : g => g' , a 2-morphism 
ip o <p : go f => g' o f } called the horizontal composition of <p and ip. 

This structure has to satisfy the following list of axioms: 

(CI) The vertical composition of 2-morphisms is associative, 

{<p • tp) • ip = (p * {<p • ip) 

whenever these compositions are well-defined, while the horizontal composition is com- 
patible with the associator in the sense that the diagram 

(^oy)o^ 

(hog) of > (h! o g>) o f 



a f,S,h 



ho(gof) 



-f'.g'.h' 



- h' o (g> o f 



is commutative. 

(C2) The identity 2-morphisms are units with respect to vertical composition, 

ip • id/ = id 9 • p 

for every 2-morphism ip : / => g, while the identity 1-morphisms are compatible with 
the unifiers and the associator in the sense that the diagram 

(g o idy ) o / /,ldy ' 9 > g o (idy o /) 




igoidf nx x^id s or/ 

9°f 




84 



is commutative. Horizontal composition preserves the identity 2-morphisms in the 
sense that 

id 3 oid/ = id po /. 

( C3) Horizontal and vertical compositions are compatible in the sense that 

(ipl • Y^) ° (Vl • f2) = (ipl ° ¥>l) • (^2 O ip 2 ) 

whenever these compositions are well-defined. 

(C4) All associators and unifiers are invertible 2-morphisms and natural in f, g and h, and 
the associator satisfies the pentagon axiom 

((koh) og) of 




ko((hog)o /) > ko(ho(gof)). 

In (C4) we have called a 2-morphism tp : f => g invertible or 2- isomorphism, if there 
exists a 2-morphism tp ■ g => / such that tp»ip = idy and (ftp = id g . The axioms imply a 
coherence theorem: all diagrams of 2-morphisms whose arrows are labelled by associators, 
right or left unifiers, and identity 2-morphisms, are commutative. A 2-category is called 
strict, if 

(h o g) o f = h o (g o /) and a f>g>h = id hogo f 
for all triples (f,g,h) of composable 1-morphisms, and if 

/ o idx = f = idy o / and r f = I f = idf 

for all 1-morphisms /. Strict 2-categories allow us to draw pasting diagrams, since multiple 
compositions of 1-morphisms are well-defined without putting brackets. Pasting diagrams 
are often more instructive than commutative diagrams of 2-morphisms. Notice that for a 
strict 2-category 

• axiom (CI) claims that both vertical and horizontal composition are associative, 

• axiom (C2) claims that the 2-morphisms idf are identities with respect to the vertical 
composition and preserved by the horizontal composition, 
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• axiom (C3) is as before, 

• while axiom (C4) can be dropped. 

For an explicit discussion of the strict case the reader is referred our Appendix A.l in 

[swnsj . 

Example A. 2. Let <£ be a monoidal category, i.e. a category equipped with a functor 
(g) : £ x <£ — ^ £, a distinguished object 11 in <£, a natural transformation a with components 

ax,Y,z (X ®Y) ® Z —s- X <g> (Y ® Z), 

and natural transformations p and A with components 

px ■■ 11 ® X ->■ A and A X :I®1^I 



which are subject to the usual coherence conditions, see, e.g. [ML 9 7] . The monoidal 
category £ defines a 2-category in the following way: it has a single object, the 1- 
morphisms are the objects of <£ and the 2-morphisms between two 1-morphisms X and Y 
are the morphisms / : X — >■ Y in £. The composition of 1-morphisms and the horizontal 
composition is the tensor product (g>, and the associator ax,Y,z is given by the component 
&Z,Y,X~ The identity 1-morphism is the tensor unit 1L, and the unifiers are given by the 
natural transformations p and A. The vertical composition and the identity are just the 
ones of £. It is straightforward to check that axioms (CI) to (C4) are either satisfies due 
to the axioms of the category (£, the functor ®, or the natural transformations a, p and 
A, or due to the coherence axioms. The 2-category £>£ is strict if and only if the monoidal 
category <£ is strict. 

In any 2-category, a 1-morphism / : X — >■ Y is called invertible or 1- isomorphism, 
if there exists another 1-morphism g : Y — X together with natural 2-isomorphisms 
i '• 9 ° f = = > idx and j : idy => fog such that the diagrams 



j 1 °id/ 

(/ ° g) ° f > idy ° / 



a f,g,f 

f°(g°f) 



id/ ot 



f 



and 



g°(f °g) 

idgoj" 1 

g o idy 



{g° f)°g > idx o g 



9 



(A.l) 



are commutative. Let us remark that neither in the strict nor in the general case the inverse 
1-morphism g is uniquely determined. We call a choice of g a weak inverse of /. 
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Remark A. 3. Often a 2-category is called bicategory, while a strict 2-category is called 
2-category. Invertible 1-morphisms are often called adjoint equivalences. 

Definition A. 4. A (strict) 2-category in which every 1-morphism and every 2-morphism 
is invertible, is called (strict) 2-groupoid . 

The following definition generalizes the one of a functor between categories. 

Definition A. 5. Let S and T be two 2-categories. A 2-functor F : S — >■ T assigns 

1. an object F(X) in T to each object X in S , 

2. a 1-morphism F{f) : F(X) — >■ F(Y) in T to each 1-morphism f : X — Y in S, 
and 

3. a 2-morphism F(<p) : F(f) => F(g) in T to each 2-morphism ip : f => g in S. 
Furthermore, it has 

(a) a 2-isomorphism ux ■ F(idx) => idp(x) * n T f or each object X in S, and 

(b) a 2-isomorphism c^ g : F(g) o F(f) => F(g of) in T for each pair of composable 
1-morphisms f and g in S. 

Four axioms have to be satisfied: 

(Fl) The vertical composition is respected in the sense that 

F{$ • <p) = F(tp) • F(ip) and F(id/) = id F(/) 
for all composable 2-morphisms ip and ip, and any 1-morphism f . 
(F2) The horizontal composition is respected in the sense that the diagram 

F(g)oF { f)^a^F(g>)oF(f) 



c f,g 



'f',g' 



is commutative for all horizontally composable 2-morphisms ip and ip. 

87 



(F3) The compositor Cf >g is compatible with the associators of S and T in the sense that 
the diagram 

(F(h) o F(g)) o F(f) aF(/) ' F(g) - FW > F(h) o (F(g) o F(f)) 



C 9 ,h° id F(/) 



idF(/i)°C/, s 



F(hog)oF(f) 

C f,hog 

F((hog)of) 



F(h)oF(gof) 

> 

F(ho(gof)) 



F ( a f,9,h) 

is commutative for all composable 1-morphisms f, g and h. 

(F4) Compositor and unitor are natural and compatible with the unifiers of S andT in the 
sense that the diagrams 

F(f) F(idx) ^> F(f id X ) F(idy) o F(f) F(idy o /) 

id F( JL ux /.'(/,) am i 



F(l f ) 

I 

F(f) oid Fm , .F(f) 



I 

id F( Y) o F{f) 



F(r f ) 
I 



•l-il) ' ' r F(f) 

are commutative for every 1-morphism f . 
Sometimes we represent a 2-functor F : S — *- T diagrammatically as an assignment 



/ 



X 



Y 



F(f) 

F{X) fU F(Y) 
Ho) 



In case that the 2-category T is strict, and the axioms (F2) to (F4) can be expressed by 
pasting diagrams in the following way: 



• Axioms (F2) is equivalent to the equality 

F{J) F(Y) ~^F(g) 



A , 



F(f)^F{Y) 



F{g) 



fU) 

F(f') Fig') 

F{X) ^ <^ F(Z) = F(X) F(gof) ^ F(Z). 




F(g'of') 
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• Axiom (F3) is equivalent to the tetrahedron identity 

F(9) 



F{X)- 

% 



F(f) 



F(W) 



Fjgof) 



F(Y) 

F(h) 

F(Z) 



F(X) 

F(f) 

F{W) 



F{g) 



F(hog) 



F(Y) 
F(h) 



c f,hoq 

_4L 



F(hogof) 



F(Z). 



F(hogof) 

• Axiom (F4) is equivalent to the equalities 

Cid x j = idF(/) ° ux and c /jidy = uy o id F(/) 
A 2-functor F : S — >- T is called strict, if 



F(g) o = F(g o /) and C/>9 

for all composable 1-morphisms / and g, and if 



id 



F(gof) 



F(id x ) = id F (x) and «j = id idF(x) 

for all objects X in 5. In case of strict 2-functors between strict 2-categories only ax- 
ioms (Fl) and (F2) remain, claiming that both compositions are respected. The following 
definition generalizes a natural transformation between two functors. 

Definition A. 6. Let F\ and F2 be two 2-functors from S to T . A pseudonatural transfor- 
mation p : Fi — > F2 assigns 

1. a 1-morphism p{X) : F\(X) — 5- F 2 (X) in T to each object X in S, and 

2. a 2-isomorphism p(f) : p(Y) o => F 2 (f) p(A) in T to each 1-morphism 
f : X Y inS, 

such that two axioms are satisfied: 

(Tl) The composition of 1-morphisms in S is respected in the sense that the diagram 
(p(Z) o Fl (g)) o F 1 (f) a jm^t¥l : ■ p (Z) o (F 1 (g) o F 1 (f)) 



p(9)°idF 1 (/) 

(F 2 (g)op(Y))oF l (f) 

a F 1 (f),p(Y),F 2 (g) 

^>(!j)o(p(Y) I . 

id F 2 (g)°P{.f) 

F 2 (g)o(F 2 (f)op(X)) 



*p(X),F 2 (f),F 2 (g) 



idp(Z)°(ci)/, 9 

p(Z)oF 1 (gof) 

p(g°f) 
F 2 (gof)op(X) 

(c 2 )J^ g oid p(x) 

(F 2 (g)oF 2 (f))op(X) 
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is commutative for all composable 1-morphisms f and g. Here, a is the associator 
of the 2-category T and c\ and c 2 are the compositors of the 2-functors Fi and F 2 , 
respectively. 



(T2) It is natural in the sense that the diagram 



p(Y)oF 1 (f) 



P(f) 



*F 2 (f)op(X) 



id p (Y)°Fi(<P) 



F 2 ((f)oid p(x) 



p(Y)oF 1 (g) 



p(g) 



^F 2 (g)op(X) 



is commutative for all 2-morphisms ip : f => g. 

If one considers a version of pseudonatural transformations where the 2-morphisms p(f) 
do not have to be invertible, there is a third axiom related to the value of p at the identity 
1-morphism idx of an object X in S. In our setup this axiom follows: 

Lemma A. 7. Let p : F± — *- F 2 be a pseudonatural transformation between 2-functors with 
unitors u 1 and u 2 , respectively, Then, the diagram 



p(X)oF 1 (id x ) 



P(idx) 



F 2 (id x )op(X) 



u X oid p(X) 



p(X) oid Fl(x) 



lp(X) 



'p(X) 



is commutative. 



Proof. One applies axiom (Tl) to 1-morphisms / = g = idx- Then one uses axiom 
(T2) for p, axiom (F4) for both 2-functors, axiom (C2) for T, and the invertibility of the 
2-morphism p{g) and of the 1-morphism F 2 (idx). □ 



by 



Sometimes we represent a pseudonatural transformation p : F\ — *- F 2 diagrammatically 



X 



Y 



F 2 {X) 



P(Y) 



F2U) 



MY), 



and the axioms can be expressed by pasting diagrams in the following way: 
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• Axiom (Tl) is equivalent to 

FiU) 



Fi(X) 



F 1 (Y)-^^F 1 (Z) 



F 1 (g)oF 1 {f) 



J>(f) P(r> P 



p(Y) 



F 2 (X) 



F2{Y) 



( c 2)/.9 



P(Z) 

F 2 (Z) 




(ci 



/,9 




^2 (go/) 

Axiom (T2) is equivalent to 



F (A) 
F 2 (A) 



^1(9°/) 

Pl9°j) 



F2(gof) 



F X {Z) 
F 2 (Z). 



P(X) 



(/J 



F 2 (A)-^F 2 (y) 





F 2 (A) 



F 2 (F). 



X 

Still for the case that the 2-category T is strict, Lemma fA.91 implies 

p(idx) = idp(x)) (idp(x) 

If also the 2-functors F\ and F 2 are strict, we obtain p(idx) = id p (x)- 

We need one more definition for situations where two pseudonatural transformations 
are present. 

Definition A. 8. Let Fi,F 2 : S — 9- T be two 2-functors and let pi,p 2 : F\ — *- F 2 be 
pseudonatural transformations. A modification A : p\ => p 2 assigns a 2-morphism 

A(X): Pl {X) p 2 (X) 

in T to any object X in S such that the diagram 

pi(f) 



Pi (*>*!(/) 



F 2 {f)o Pl {X) 



A(Y)oid Fl{f) 



P2{Y)oF 1 {f) 
is commutative for every 1-morphism f . 



id F 2 (f)°A(X) 



(A.2) 



P2(/) 



>F 2 (f)o P2 (X) 



91 



In the case that T is a strict 2-category, the latter diagram is equivalent to a pasting 
diagram, see Definition A. 4 in [SW08J. 

As one might expect, 2-Functors, pseudonatural transformations and modifications fit 
again into the structure of a 2-category: 

Lemma A. 9. Let S and T be 2-categories. The set of all 2-functors F : S — >■ T , the set 
of all pseudonatural transformations p : F\ — ^ F 2 between these 2-functors and the set of 
all modifications A : p\ => P2 between those form a 2-category Funct(5 l , T). 

Let us describe the structure of this 2-category: 

1. The composition of two pseudonatural transformations p\ : F\ — >■ F2 and pi : 
F2 — F3 is defined by the 1-morphism 

(p 2 o Pl )(X) := p 2 (X) o Pl (X) 

and the 2-morphism {pi o pi)(f) which is the following composite: 

( P2 o Pl )(Y)oF 1 (f) 

a Fl(f),Pl(Y),P2<Y) 

P2 (Y) o ( P1 (Y) o F 1 (/)) l dp2(y) ° Pl( > p 2 (y) o (F 2 (f) o Pl {X)) 

( a pi(X),F 2 (f),P2(Y) 

(P2(Y) o F 2 (f)) o Pl (X) > (F 3 (f) o P2 (X)) o Pl (X) 

P2(/)oid pi(X3 

\\ a P 1 (X),p 2 (X),F 3 U) 

F 3 (f)o( P2 o Pl )(X). 

2. The associator for the above composition of pseudonatural transformations is the 
modification defined by 

a pi,P2,pA X ) '■= a pi(X),p2(X),p 3 (X), 

where a on the right hand side is the associator of T. 

3. The identity pseudonatural transformation idi? : F — F associated to a 2-functor 
F is defined by idjr(X) := id^pn> an( i ^F(f) is the composite 

id F{Y) o F(f) TFU) : ■ F(f) lnS) > F(f) o id F(x) . 

4. The right and left unifiers are the modifications defined by 

r p (X) :=r p ( X ) and l p (X) := l p(X ). 
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Pi => P3 IS 



6. The identity modification associated to a pseudonatural transformation p : F\ — >■ F 2 
is defined by id p (X) := id p rx)- 

7. The horizontal composition of two modifications A : p\ => p 2 and A' : p\ => p' 2 is 



We leave it to the reader to verify that the axioms of a 2-category are satisfied. From 2. 
and 4. of the above list it is clear that the 2-category Funct(S, T) is strict if and only if T 
is strict. In this case, the composition of pseudonatural transformations introduced in 1. 
can be depicted as in (A.l) of [SW08j. 

Another consequence of Lemma IA.9I is that we know what invertibility means in the 
2-category Funct(5, T): a 2-isomorphism in the 2-category Funct(5, T) is called invertible 
modification, and a 1-isomorphism is called pseudonatural equivalence. This leads to the 
following 

Definition A. 10. Let S andT be 2-categories. 

• A 2-functor F : S — T is called an equivalence of 2-categories , if there exists a 2- 
functor G : T — *- S together with pseudonatural equivalences ps : Go F — ids and 
px : F o G — >- idy . 

• // the 2-categories S and T and the 2-functor F are strict, and G can be chosen strict, 
F is called a strict equivalence . 

• // additionally the pseudonatural equivalences ps and pt are identities, F is called an 
isomorphism of 2-categories. 

B Lifts to the Codescent 2-Groupoid 

Here we deliver the proofs of two properties of the codescent 2-groupoid V^iM) we have 
introduced in Section 12.11 

Lemma B.l. The category 'PJ(M) is a 2-groupoid. 

Proof. All 2-morphisms except those of type (la) are invertible by definition. But for a 
2-morphism of type (la), a bigon £ : 7 => 7', we have 



defined by 



(A'oA)(X) :=A'(X)oA(X). 



5T 1 ©S 



(II) 



XT 1 • S = id. 
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and analogously E©S _1 = id®,. Here we have used identification (II); more precisely axiom 
(Fl) of the 2-functor i : V^{Y) — >■ (M). To see that a path 7 : a — >■ b is invertible, we 
claim that 7 -1 is a weak inverse. It is easy to construct the 2-isomorphisms i 7 and j 7 using 
the 2-isomorphisms of type (2b). The required identities (|A.1|) for these 2-isomorphisms 
are then satisfied due to identification (II). To see that a jump a £ with a = (x,y) 
is invertible, we claim that a := (y,x) is a weak inverse. The 2-isomorphisms i a and j a 
can be constructed from 2-isomorphisms of types (lc) and (Id). The identities (|A.1|) are 
satisfied du to identifications (VI) and (V2). □ 

The proof of the „Lifting" Lemma [2.31 requires some preparation. 

Lemma B.2. Let p £ M be a point and a,b £ Y with ir(a) = n(b) = p. Let a : a — >■ b 
and (3 : a — >- b be 1-morphisms in V^iM) which are compositions of jumps. 

(a) There exists a 2-isomorphism H : a => j3 with p n (£) = idid p . 

(b) Any 2-isomorphism S : a => (3 withp n (E) = idid p can be represented by a composi- 
tion of 2-morphisms of type (lc). 

(c) The 2-isomorphism from (a) is unique. 

Proof. It is easy to construct the 2-isomorphism from (a) using only 2-isomorphisms 
of type (lc) and their inverses. To show (b) let H : a => (3 be a 2-isomorphism with 
^(H) = idid p , represented by a composition of 2-morphisms of any type. In the following 
we draw pasting diagrams to demonstrate that all 2-morphisms of types (la), (lb) and (Id) 
can subsequently be killed. 

To prepare some machinery notice that identification (III) imposes axiom (T2) for the 
pseudonatural transformation T, which is, for any bigon E : Q\ => 02 in Y' 2 ', the identity: 




(B.l) 



In the same way, identification (IV) imposes the axiom for the modification id t => AT, 
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which is, for any path 7 : a 



b in Y, the identity 




Using (1B.2|) we can write the identity 2-morphism associated to the path 7 in a very fancy 
way, namely 



7 




(B.3) 



7 



Now suppose that £ : 7 => 7' is some 2-morphism of type (la) that we want to kill. 
We write S = £ © id® and use (|B.3p . Using the naturality of the 2-morphism I* claimed 
by identification (I) we have 




7' 



where the second identity is obtained from (|B.1|) by taking 0i := A(7) and 62 := (7,7') 
which is only possible because we have assumed that p""(£) = idid p . We can thus kill every 
2-morphism of type (la). 

Suppose now that \& : fi => v is a 2-morphism of type (lb). To kill it we need identi- 
fication (IV), namely the axiom for the modification 7r| 3 r o 7r^ 2 r => 7T* 3 r. For any path 
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e : 3 



3' in yt 3 ', the corresponding pasting diagram is 



T13(S) 



,„* T!(e) 
7ri(a) »-7ri(a') 




7ria(E) 7T12(6) 



123(E) 7^23(9) 



!3A=I ^2 



vr 3 (3) 



7r 3 (e) 



vr 2 (3) -7r2(e)^7r 2 (3') 



7T12(H') 



vr 23 (S') 



7T 3 (a 



7Tl(a) ^VTi(^) -^tt 12 (E') 



T13(2) 



(G) tt 13 (2')<^'= 7r 2 (3') 



7T 3 (S) — ^7r 3 (30^ 2 3(2') 



(B.4) 



Here we suppress writing the associators and the bracketing of the 1-morphisms. Using this 
identity we have 

7Tl(/i) ^vri(7y) 




7T2(*) 



(B.5) 



for c £Y an arbitrary fixed point with 7r(c) = p and © := (tti^), id c , ^('I')) which is only 
possible because p 77 ^) = idid p . 

We can so far assume that the 2-morphism 3 : a => (3 we started with contains no 
2-morphism of type (la) and by (|B.5l) only those 2-morphism © = (71,72) for which 71 or 
72 is the identity path of the point c. If both 71 and 72 are identity paths, we can replace 
according to (1B.2|) by two 2-morphisms of type (Id). It is now a combinatorial task to kill 
all 2-morphisms which start or end on paths, in particular all 2-morphisms of type (2b). 
Then one kills all 2-morphisms of types (Id) and the remaining unifiers and r%. Finally, 
all associators a* can be killed using their naturality with respect to 2-morphisms of type 
(lc). 

To prove (c) we assume that 3' : a => (3 is any 2-isomorphism with ^(3) = idjd p - By 
(b) we can assume that 3' is composed of 2-isomorphisms of type (lc). First we remark that 
3 and 3' induce triangulations of the disc D 2 . If we assume that the triangulations induced 
by 3 and 3' coincide, we already have 3 = 3', since orientations and labels of the edges 
and of the triangles of 3 are uniquely determined. If the triangulations do not coincide, 
we infer that two triangulations of the Riemann surface D 2 can be transformed into each 
other via the so-called fusion and bubble moves, see [FHKMIFRS02] . It remains to show 
that our identifications among the 2-morphisms imply these two moves. The bubble move 
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follows from the fact that the 2-morphisms of type (lc) are invertible: 



7ri 3 (*) 




vr 2 (^) 

/I\ / I 

7r i(^) -jp^C*) = id W23 (^) OWl2 (*) and vri(^) ^ tt 2 (*) * vr 3 (H) = ld^^). 

\I/ 

7T a (¥) 




7ri3(10 



The fusion move follows from identification (VI), which is in pasting diagrams for a point 



7T 2 (g) 7r23W > 7T 3 (^) 



7ri 2 (*) 



7Tl 3 (*) 



/is 



7734(10 = 7T1 2 (*) 



7ri 34 ('I') 
7ri 4 (*) 



7T234(1') 
7T24(W) 



7Tl(*) 



7T124(*) 

: 

7714(1-) 



7r 34 (1') 



7T 4 (*). 



Analogous identities for inverses \& and mixtures of * and can also be deduced. 



□ 



Now let 7 : x — s- y be a path in M, and let 5, y € Y be lifts of the endpoints, i.e. 
7t(x) = x and ir(y) = y. We are ready to prove Lemma l2~3l from Section l2~2l namely 

(a) There exists a 1-morphism 7 : x, — ^ y in V^iM) such that p^ij) = 7. 

(b) Let 7 : x — >■ y and 7' : x — *■ y be two such 1-morphisms. Then, there exists a 
unique 2-isomorphism A : 7 => 7' in Vl^iM) such that p 7r (j4) = id 7 . 



The assertion (a) is proven in Lemma 2.15 of |SW07j . To prove (b), we compare the 
two lifts 7 and 7' of 7 in the following way. Let PcMbe the set of points over whose 
fibre either 71 or 72 has a jump. The set P is finite and ordered by the orientation of the 
path 7, so that we may put P = {po, ■■-,p n } with po = x and p n = y. Now we write 



7 = 7„ o ...07! 



for paths 7^ : Pk-i — Pk- We also write 7 as a composition of lifts 7^ : — *■ bk of 7^ 
and (possibly multiple) jumps bk — *- a^+i located over the points pk\ analogously for 7'. 
This defines jumps := (ak,a' k ) and (3k '■= (bk,b' k ). Now, over the paths 7^, we take 
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2-isomorphisms 




(B.6) 



with O := (7/c,7fc)- Over the points pk we need 2-isomorphisms of the form 





or 



fe+i 




<*k + l 



(B.7) 



k+l 



the first whenever j' has jumps over pk and 7 has not, the second whenever 7 has jumps 
and 7' has not, and the third whenever both lifts have jumps. By Lemma IB. 21 these 2- 
isomorphisms exist and are unique. Then, all of the four diagrams above can be put next 
to each other; this defines a 2-isomorphism 7 => 7'. We call the 2-morphism constructed 
like this the canonical 2-morphism. 



It remains to show that every 2-morphism A : 7 



7' with p*(A) = id 7 is equal to 



this canonical 2-morphism. First, we kill all bigons contained in A by the argument given 
in the proof of Lemma fB. 21 We consider two cases: 



1. A contains no paths except those contained in 7 or 7'. In this case A is already equal 
to the canonical 2-morphism. Namely, each of the pieces 7^ or j' k can only be target 
or source of a 2-morphism of type (lb). These are now necessarily the pieces (|B.6j) . 
It remains to consider the 2-morphisms between the jumps. But these are by Lemma 
IB. 21 equal to the pieces (|B.7I) . This shows that A is the canonical 2-morphism. 

2. There exists a path 70 in P^XM) which is target or source of some 2-morphism 
contained in A but not contained in 7 or 7', In this case there exists a 1-morphism 
7o : x — >■ y together with 2-morphisms A\ : 7 => 70 and A2 : 70 => 7' such 
that A = A2 • A%. By iteration, we can decompose A in a vertical composition 
of 2-morphisms which fall into case 1, i.e. into a vertical composition of canonical 
2-morphisms. 

It remains to conclude with the observation that the vertical composition A2 • A\ of 
two canonical 2-morphisms is again canonical. □ 
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